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Einstein-Yang-Mills isolated horizons: Phase space, mechanics, hair, and conjectures
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The concept of an “isolated horizon” has been recently used to provide a full Hamiltonian treatment of
black holes. It has been applied successfully to the casewmfotating nondistortedblack holes in the
Einstein vacuum, Einstein-Maxwell, and Einstein-Maxwell-dilaton theories. In this paper, the extent to which
the framework can be generalized to the case of non-Abelian gauge theories is investigated in which “hairy
black holes” are known to exist. It is found that this extension is indeed possible, despite the fact that, in
general, there is no “canonical normalization” yielding a preferred horizon mass. In particular the zeroth and
first laws are established for all normalizations. Colored static spherically symmetric black hole solutions to the
Einstein-Yang-Mills equations are considered from this perspective. A canonical formula for the horizon mass
of such black holes is found. This analysis is used to obtain nontrivial relations between the masses of the
colored black holes and the regular solitonic solutions in Einstein-Yang-Mills theory. A general testing bed for
the instability of hairy black holes in general nonlinear theories is suggested. As an example, the embedded
Abelian magnetic solutions are considered. It is shown that, within this framework, the total energy is also
positive and thus the solutions are potentially unstable. Finally, it is discussed which elements would be needed
to place the isolated horizon framework for Einstein-Yang-Mills theory on the same footing as the previously
analyzed cases. Motivated by these considerations and using the fact that the isolated horizon framework seems
to be the appropriate language to state uniqueness and completeness conjectures for the EYM equations, in
terms of the horizon charges, two such conjectures are put forward.

PACS numbgs): 04.70.Bw, 04.20.Fy, 04.20.Jb

I. INTRODUCTION defined retroactively, after having access to the entire space-
time history. Second, the underlying space-time need not ad-
The nonperturbative quantum geometry program, alsanit any Killing field; isolated horizons need not be Killing
known as “loop quantum gravity,” has met recently with horizons. The static event horizons normally used in black
substantial success in obtaining a calculation of the statisticdlole mechanic§3—-5| are special cases of isolated horizons.
mechanical entropy of a nonrotating black hole that accountMoreover, because one can now admit gravitational and mat-
for its phenomenological identification withA [1]. In so  ter radiation, there are many more examples. In particular,
doing it was necessary to introduce a complete classicakhile the manifoldS of static space-times admitting event
Hamiltonian treatment of black hold8H's). This was ac- horizons in the Einstein-MaxwellEM) theory is, finite di-
complished by generalizing and properly defining the sectomensional, the manifoldH of space-times admitting iso-
of the theory that is going to be treated. This work waslated horizons isnfinite dimensional 11].
guided by the need to start with a well-defined action that The resulting formalism is, then, not only a step in the
would be differentiable in the sector under considerationconstruction of the quantum theory for the sector but also a
This led those authors to the specialization of the notion ohew tool for studying classical aspects of black holes. When
the trapping horizon$2] of Hayward to that of “isolated restricted to the static sector of the theory, it leads, for ex-
horizons.” Physically the idea is to represent “horizons in ample, to an improvement in the treatment of the physical
internal equilibrium and decoupled from what is outside.” process version of the first law of black hole mechanics
The zeroth and first laws of black hole mechanics refer tg10,11]. The formalism has so far only been applied to the
equilibrium situations and small departures therefromEinstein-Maxwell systentwith and without dilaton fielyl of
Therefore, in the standard treatmef8s-8] one restricts one- which the known exact solutionghe Reissner Nordsino
self to stationary space-times admitting event horizons an@RN) solutions in EM and the so called Gibbons-Maeda so-
perturbations off such space-times. The isolated horifeh  |utions in Einstein-Maxwell-dilatofEMD) theory] are par-
framework, which is tailored to more general physical situa-ticular examples.
tions, was introduced if@] and the corresponding zeroth and  In this work we will explore the extent to which this for-
first laws of black hole mechanics were establisfiEal-17. malism can be extended to the Einstein-Yang-Mills theory
This framework generalizes the treatment of black hole mewhere, in the static spherically symmetric sector, one finds
chanics in two directions. First, the notion of event horizonsthe so-called colored black hole solutigis$—15. The mo-
is replaced by that of “isolated horizons,” which can be tivation is manyfold. First, we are interested in studying the
defined quasilocally, unlike the former which can only berobustness of the isolated horizons formalism in its ability to
treat other theories, especially those where ‘hairy’ solutions
are know to exist. From the isolated horizons perspective,
*Email address: corichi@nuclecu.unam.mx this poses a special challenge, since now there is an apparent
"Email address: sudarsky@nuclecu.unam.mx tension given by the mismatch between the number of con-
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served charges at infinity and at the horizon. In the coloredve end with a discussion in Sec. IX.

black hole solutions, the only nonzero “charge” at infinity is ~ Throughout the paper, we use units in whickG=1
the Arnowitt-Deser-MisnefADM) mass, but the gauge field and the abstract index notation of Penrdsee Ref[16]),
is nonvanishing at the horizon and it contributes to the “ho-except in Sec. VI where we use differential forms.
rizon magnetic charge.” Is the isolated horizon framework

robust enough to deal with this situation and to resolve thidl. EINSTEIN-YANG-MILLS AND STATIC BLACK HOLES
tension? Second, we would like to know whether the general
formalism allows us to learn new facts about the staticba

spherically symmetri€SSS solutions. In particular, we want : . . . i
) . nd part, we briefly review the static spherically symmetric
to understand what differences, if any, appear when we trea . . i
Solutions to the EYM equations focusing on black hole so-

static but unstable black hole solutions, which is the case folrutions
the Abelian magnetic solutions and the highrercolored '
black holes. Finally, we want to investigate whether the for- ) ) )
malism can—as can be expected given the fact that it yields A. Einstein-Yang-Mills system
a satisfactory treatment of the inner boundary in Hamiltonian In the Einstein-Yang-Mills system, the gravitational part
terms—allow us to take the limit when the horizon area goesf the action, Sy, is given by
to zero and connect the black hole solutions with the regular,
solitonic, solutions that are known to also exist in this theory. 1 J=gRd*
We will in fact find answers to all of these questions and Sgrav=~ EJM —gRd’x,
puzzles. We find, however, some subtleties that need to be
stressed. In particular, the fact that there are no sphericallynd the matter part of the action is given by
symmetric solutions for some values of the horizon param-

This section has two parts. In the first one, we recall some
sic facts about the Einstein-Yang-Mills system. In the sec-

(2.1

eters poses a challenge to the isolated horizon framework, 1 .
since there seems to be no canonical value for the horizon Sym(A)=— —2f V=o[FaoFilldx, (2.2
mass of the black hole in this situation. Thus, if the Einstein- 16mgyy /M

Yang-Mills (EYM) system is to be in the same “status” as h he ab indices b d . b
the Einstein-Maxwell system, some yet unknown part of theV"€re the abstract indicesb, ... denote space-time ob-
are internal indices in the Lie

current scenario would have to yield to the tension menl€cts and the indicesj, . .. : _
tioned above. The most natural resolution would entail the?/9€bra of the gauge growa In this paper we shall consilder
validity of a “uniqueness conjecture” for static solutions G=SU(2). The f'fld strength Fap is given by Fyp

and a “completeness conjecture” for the existence of sta=2VaAp+ € K ALAg, that is, the curvature of the Lie-
tionary solutions, which we will put forward. Their validity algebra-valued one-forr;,. The total actiorB is given by
would guarantee the complete consistency of the formalism.

On the other hand, we will show some new results regard- Stot= Sgravt Sym - 2.3
ing SSS solutions as a nontrivial “application” of the for- _ . _
malism as it allows us to predict a relation between the ADMWe remind the reader that in the case of a non-Abelian
mass of a static black hole solution, its horizon mass, and th&ang-Mills theory there is dimension-full parametgyy
ADM mass of the corresponding solitonic solutions. Thesghat, unlike the Abelian case, cannot be absorbed in the
relations can be corroborated by numerical computationsdauge” fields. This endows the full theory with a natural
(consistent with the reported results in the literatufidere- ~ Scale at the classical level; i.y), has dimensions of mass.
fore, these “coincidences” can be viewed, in a sense, as a The equations of motion that follow froig,, are
check on the formalism. .

This paper is organized as follows. In Sec. Il, we recall D.F'*"=0, (2.4
some basic facts about the EYM system and about the
known SSS solutions, both Abelian and non-Abelian. In Sec.
[l we specify the isolated horizon boundary conditions that
we impose, making the necessary adjustments to incorporate .
non-Abelian gauge fields. Section IV deals with the actionwhereF?= ng?b, andD, is the generalized covariant de-
principle of the theory in the presence of the horizon as amivative defined byA. Furthermore, we have the Bianchi
inner boundary and the specification of the phase space ddientity for the Yang-Mills sector:
the theory. In Sec. V we consider the definition of surface ,
gravity in the absence of a Killing field and we show the D(cFap =0. (2.6
zeroth law of BH mechanics for general isolated horizons. _ )

The definition of horizon mass and the first law are studied inThe dual field tensor is given by Fy,=3€S0F.,, where
Sec. VI. Section VIl is devoted to the completeness conjece,yq iS the canonical volume element associated with.

ture and some of its implication for stationary solutions. In  Note that in contrast with the Einstein-Maxwell system,
Sec. VIII, we return to the study of static spherically sym-where, under appropriate falloff conditions, the conserved
metric solution to the EYM equations from the perspectiveelectric and magnetic charges can be defined at infinity, the
of isolated black holes, and show some new results. Finallynaive expression,

: (2.9

) 1
Rab= 2( FacFib— ZgabFZ
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.1 A | _ the well-known Maxwell duality exists, in EYM theory there

Q' *F, PI:ZE F (2.7 is no such duality and one is not allowed to treat them on
S “equal footing.”

The electrically charged solutions with electric chaf@e

fail to be gguge_invariant. It is only in the presence Of. dare given by the standard solutions that can be described by
globally defined isometry that the conserved charges m'ghéhoosinga;éo andb=d=w=0 in Eq.(2.10. The YM po-

be invariantly definedi.e., a natural gauge might be chosen tential is of the formA = (Q/r) dt and the metric is given
We can nevertheless define new gauge invariant quantitieBy Eq. (2.9 with the functionsm(r)=M— (Q?)/2r and &

for any two-spheré as follows: =0. Note that these represent a two-parameter family of
“RN solutions” with parameterdg\l and Q.
Qs==i é 1*F, Ps==i % IFl, (2.9 The magnetically charged solutiqns with magnetic charge
47 Js 47 Js P are precisely the Reissner-Nordstrsolutions given by
w=0, m(r)=M—(P?)/2r, and5=0. Since we are consid-
where|F|,, is the two-form defined in the following way: we ering the Abelian case, the magnetic chage not arbitrary
take e,p, the area two-form associated with the two-sphgre but can take only one value=1. Note that the YM field
and definef' =F.,, €2®. Then|F|,,=V2(f")2€ap. |*Flap is  Strength, in the “magnetic” sector of the EYM theory takes
analogously defined. In what follows, we shall refer@g  the form

and Pg as the electric and magnetic charge contained ) L
“within” S, respectively. F=w'7drAdg+w'r,sindr/\d¢

—(1—w?) 73 sin0d6/\de. (2.11

“4m Js,

B. Static solutions

Static spherically symmetric solutions to the EYM equa- 11US, for the RN solutions where=0, we get from Eq.
tions representing black hole space-times are known to exi¢g-11 that P=1 for any sphere containing the black hole.
in different situationg(for a recent review sefl7] and ref- The magnetically charged solutions are then parametrized by

erences therejn only one charge, namely, the ADM malsk
A standard parametrization for the metric and gauge po- 'n€seé two sectors share ttg=P=0 solution corre-
tential is given by sponding to the Schwarzschild solution. One can also con-
struct dyonic solutions with both electric char@eand unit

inequalityr=Q?+ P2, in order to have black hole solutions
with no naked singularities.

d 2:—<1— Zmr(r)

)e‘25(r)dt2+ ( 1- 2m(r)) ar? magnetic charge. In all these solutions, one has to satisfy the
+r2d0?, (2.9
2. Non-Abelian colored black holes

A=argdt+brsdr +(wry+d7,)dé These solutions correspond to the purely magnetic case,
+(cotOrs+wr,—d7,)sin 6de (2.10 where for each value of the horizon area the equations have
' a discrete number of solutions which are strictly non-Abelian
wherea,b,w, andd are functions of {,t) in nature(i.e., do not exit in the Abelian regimeThese are
One ,ce,m 'then look for either stat}c regular solutions bylabeled by an integen that represents the number of nodes
requiringm(r)<r/2 for all r=0 [18] or for static black hole of the functu_)nw(r)._The lowest mode=0 represents the
solutions with horizon at=r,, by requifing m(r ) =r /2 Schwarzschild S(_)Iutlon. Therefore, the solution can pe com-
andm(r)<r/2 for all r=r [14,15. Solutions of both types pletely parametrized by two numberay(,n), the horizon

are found in the purely magnetic sector, for which, with aarezti glnd thde mtegten.bA;I_l Eg%se solutions, fom>0, are
further gauge choice, one can setb=d=0, andw be- unstable under perturbatio ' -
comes a function of only. Or_1 the other h_and, it is I_<nown _that therg are no nontr|\(|al

The regular or solitonic solutions compose a discrete se yonic SOIUI'OHS("?" solutions W.'th electric and magnetic
parametrized by the number of nodes of the functig(m) ields) in the spherically symmetric sect0].

: : - From a historical perspective, these were the first ex-
g}r}%?re[:g?ractenzed by their ADM mass whose scale is S%1tmples of “hairy black holes'[13—-15. This is because the
YM .

On the other hand, for every value qf , one finds also electric and magnetic chargéx?7) are both zero, so the only

wo classes of black hole solutions: Abelian and non_parameter at infinity is the ADM mass. If the no-hair conjec-
Abelian : ture were valid for the EYM system, the specification of

M spm Would suffice to characterize the solution completely.

However, this is not the case, since for a given value of the

ADM mass, there exist a countable humberddferent so-
The first class of solutions is given by what are essentiallylutions, labeled byn. Equivalently we can label these solu-

Abelian solutions embedded in &). Within the Abelian tions by the ADM masd ,py andn.

sector we have either electrically charged or magnetically Even when the charges at infinity are not enough to

charged solutions. Unlike Einstein-Maxwell theory wherespecify static black holes uniquely, one might still hope to

1. Abelian solutions
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have quasilocal quantities defined at the horizon that are, in @niquely select a vector fielth which is normal toA” and
sense, good coordinates for the manifdidof static solu-  satisfies|2n,=—1. (Thus, |12 is future pointing. If we
tions. Indeed, we shall put forward in the following sectionschange  the  parametrization, 12 transforms  via
a “quasilocal unigueness conjecture’C(): All static BH I%—>[F’(v)] 2. Thus, given a foliation, we acquire an
solutions are characterized by its horizon parameters arisingequivalence clagd?,n,] of pairs (2,n,) of vector fields and
from the “isolated horizon” frameworkLet us refer to these one-forms on N subject to the relation I§,n,)
quantities defined at the horizon as “quasilocal parameters.”~ (G~112,Gn,), where G is any positive function on\/
In theories where no hair is present, as is the case of th&hich is constant on each leaf of the foliation. Given a pair
Einstein-Maxwell-dilaton system, the number of “quasilocal (I13,n,) in the equivalence class, we introduce a complex
parameters” equals the number of parameters at infinity lavector fieldm® on AV, tangential to each leaf in the foliation,
beling the static solutionfl2]. Thus, stating a uniqueness such thatmaﬁazl. (By construction,m?l ,=m®n,=0 on
conjecture in this theory is insensitive as to whether one is\.) The vector fieldn? is unique up to a phase factor. With
postulating it in terms of quantities at infinifghe standard this structure at hand, we now look at the main definition.
viewpoin) or in terms of “quasilocal charges.” Our pro- Definition: The internal boundaryA of a space-time
posal is that, for general theories, one should state the po$M,g,,) will be said to represerd nonrotating isolated ho-
tulate in terms of purely quasilocal quantities. In the EYM rizon provided the following conditions hofdl.
system, the quasilocal charges arg, the horizon area, and (i) Manifold conditions:A is a null surface, topologically
Q. and P, , the horizon electric and magnetic charges, reS°XR.
spectively. In this case the first conject@é reads: Given a (it) Dynamical conditionsAll field equations hold at.
trip|e of parameterse(A ,QA 1PA) for which a SSS solutions (III) Main conditions:A admits a foliation such that the
exists, then the solution is unique. However, note an appafNewman-Penrose coefficients associated with the corre-
ent tension in this suggestion: Given the mismatch of thesponding direction field§l n,] on A satisfy the following
number of parameters at the horizon and at infinity, there igonditions:
room for inconsistency when formulating, say, the laws of (iiia) p2 —m?m®V,l,, the expansion dfl2], vanishes on
thermodynamics. This is because the number of “indepenA.
dent” parameters is different, when one considers charges at (jjih) A 2 m®mPV 4n, and 2 12mPV 4n,, vanish onA and
|_nf|n|ty or quasilocal parameters for, say, SSS colored SOlufhe expansion. := maﬁbvanb of n,, is negativé and constant
tions. As we shall see in Sec. VI, the nature of the problen}) e
can be made precise within the isolated horizon framework n each leaf of the foliation.
) . ' (iv) Conditions on matterThe Yang-Mills fieldF is such

and some ideas can be put forward to understand the origif, o+
of the difficulty.

For the convenience of the reader, in the next section we |IRe¢4|, and |Im ¢4| (3.2
shall recall the notion of isolated horizons as defined in o ]
[9,11,17 and explore some of its consequences for EYMare constant on each leaf of the foliation introduced in con-

system of interest to this paper. dition (iii) [Recall that gbilé%mamb(F—i *F)iab], where
|Red,|:=V=(Red))(Red)), and|Im ¢,| is analogously
defined.

lll. BOUNDARY CONDITIONS AND CONSEQUENCES The first two conditions are quite tam@) simply asks

) . . ) that A be null and have appropriate topology whiie) is

Let us recall the notion of isolated horizonsin general,  completely analogous to the dynamical condition imposed at
gnd include in its Qefm!tmn the rglevant modifications tf)infinity. As the terminology suggestéiia) and iiib) are the
incorporate the Einstein-Yang-Mills system. The basicygstimportant conditions. Note first that, if a paif,f,) in
bounde_lry conditions defining are the same as those intro- ¢, equivalence clagd?® n,] associated with the foliation
duced in[12]. _ _ _ satisfies these conditions, so does any other pair

Let us begin by recglllng some no.tatlon..Fl.x any null (G(v)] Y2,G(V)n,). Thus, the conditions are well de-
surface/V, topologicallyS*x R, and consider foliations o fined."They are motivated by the following considerations.
by families of spatial two-spheres. Given a foliation, we pa-congition (iiia) captures the idea that the horizon is isolated
rametrize its leaves by=const such that increases to the \ithout having to refer to a Killing field. In particular, it
future and setn,=—-V,v. Under a reparametrization
v—F(v), we haven,—F'(v)n, with F'(v)>0. Thus, ev-
ery foliation comes equipped with an equivalence clasg
of normalsn, related by rescalings which are constant on
each leaf: Also recall that, given any one,, we can

2Throughout this paper, the symbal will denote equality at
points of A. For fields defined throughout space-time, an underar-
row will denote pullback toA. The part of the Newman-Penrose
framework{21] used in this paper is summarized in the Appendixes
A and B of[11].

These one-form fields, are defined intrinsically on. We can 3For simplicity, in this paper we focus on black-hole-type hori-
extend eachn, to the full space-time uniquely by demanding that zons rather than cosmological ones. To incorporate interesting cos-
the extended one-form be null. However, in this paper, we will notmological horizons, one has to weaken this condition and allow the
need this extension. possibility thatu is everywhere positive oA. See[11].
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implies that the area of each two-sphere leaf in the foliation Restrictions imposed on space-time curvatureAaare

is the same. We will denote this area fy and define the essentially the same as in Réfl].* Results relevant to this

horizon radius r, via ay=47r3 . paper can be summarized as follows. In the Newman-
Condition (iiib) has three sets of implications. First, one Penrose notation, for the Ricci tensor components, we have

can show that if, as required, one can find a foliationAof 1 1

satisfying(iiib), that foliation isunique (In the SSS family, _ = arb _- apb

as o;ye ?night expect, this condit?on selects the foliatig/n to Poo= 5 Rapl 1720, Dor=5 Rypl"m*20,

which the rotational Killing fields are tangentiaBecond, it

implies that the imaginary part ofthe Newman-Penrose 1 ab . Ay A 2(Q§+ P3)

Weyl component ¥,, which captures angular momentum, ®11= 7 Rap(I°n°+m*m?) A 87 2
vanishes and thus restricts usrtonrotatinghorizons. Third, A

the requirement that the expansipnof n? be negative im- RAOQ (3.4)

plies thatA is afuture horizon rather thapasthorizon[2].

Finally, consider the spherical symmetry requirement on th§yhereR is the scalar curvature. The Weyl tensor components
Yang-Mills field componenté) given by condition (iv). satisfy

While this condition is a strong restriction, it can be moti-

vated by analogy with the Einstein-Maxwell cagEor fur- Wo=C,ped M°I°m?20, W, =C,p.d?mPIn920,
ther motivation and remarks on these conditions,[9¢kEl].)
Since these conditions atecal to A, the notion of an 2w

. A - ; . ) = amPmend A R
isolated horizon is quasilocal; in particular, one does not Y2~ Cabed M MNTA®DY, as (3.9

need an entire space-time history to locate an isolated hori-

zon. Furthermore, the boundary conditions allow for theFurthermore,
presence of radiation in the exterior region; thus, space-times 1
admitting isolated horizons need not admit any Killing field A . anbcnd A~ o  anb
[22]. Indeed, the manifoldH of solutions to field equations W3l @z, thatis, Caped n"m™ £5 Rapmn™
admitting isolated horizons is infinite dimensiohal]. (3.6

In spite of this generality, boundary conditions place ) . )
strong restrictions on the structure of various fieddd . Let As expected, for the SSS solutions discussed in Sec. Il, these

us begin with conditions on the Yang-Mills field. The stress-conditions are satisfied. We note that even when the curva-
energy tensof ,, of F satisfies the dominant energy condi- Uré componentsl, and ®,; are the only ones different
tion. Hence, om\, — T, is a future-directed, causal vector from zero in SSS solutions, for a general isolated horizon
field. Now, using the Raychaudhuri equation and field equa?ther curvature componentsuch as¥; and ¥,) may be
tionsat A [condition(ii) of the main definitiof, we conclude ~dynamical,” i.e., vary along the integral curves of

T,,/21°A0. By expanding out this expressifsee Eq(2.5)] In the Einstein-Maxwell-dilaton systerﬁiz]_, we have a
we obtain set of parametersa(, ,Q, ,PA,¢,) at the horizon(and the

same number at infinijy and those parameters were natu-
_ _ . _ rally selected as the horizon parameters. In the EYM case we
Flpl ¢ 2(1 [aNb) — MaMp)) + ¢'22(m[al b)) T C.C., have seen that we can define electric and magnetic charges at
(3.2 the horizon Q,,P,). The boundary conditions ensure that
these quantities are constant along the horixdand explic-
itly gauge invariant Thus, it is natural to use the triplet
a,,Qa P to parametrize general EYM isolated horizons.
. Let us denote byl the space of horizon parameters with
coordinates 4, ,Q, ,P,), with the following restrictions:
ay>4m(Q3+P3) andQ, ,Pye[0x).

for somecomplex-algebra-valued functions, and ¢, (the
only nonvanishing Newman-Penrose components,gf on
A, where c.c. stands for the “complex conjugate term.’
These equations say that there is no flux of Yang-Mills ra
diation across\. Finally, condition(iv) in the main defini-
tion implies
IV. ACTION AND PHASE SPACE
o0 o The gravitational action has been shown to be differen-
|Rep|2A—Q,, [IMpi|2A—P,, (3.3 tiable, with respect to variations respecting the isolated hori-
as as zon boundary conditions, if9,11]. We refer the reader to
those papers for details. One important property of the varia-
whereQ, is the electric charge arfd, the magnetic charge
at the horizon as defined by E(R.8). Thus the boundary
conditions severely restrict the form of matter fieldsAat “This is because these restrictions were obtained assuming rather
The componenigy=—1°m°F,, of the YM field vanishes general conditions on the matter stress-energy which are satisfied in
and the gauge-invariant components @f are completely EYM theory. The derivation of some of these results involves long
determined by the electric and magnetic charges. Howevertalculations and a topological result on the Chern class of th@)SO
the componentp}, of the YM field is unconstrained. connection associated with the dyad, ). See[11].
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tional principle is that one is varying, in the pure gravita- 3 _ B

tional case, histories with a fixed val& of the horizon EJA5A£*Fibc|[°77ab]dvd2X- (4.9

area. We also need to ensure that the matter action is differ-

entiable and work out the Hamiltonian framework for the

matter sector as well. This could require imposition of addi-Now, Eq. (3.2 implies that onA the pullback ofF,,|° van-

tional boundary conditions on matter fields, but as we willishes. Then, the horizon contribution reduces to

see, the conditions already imposed on matter, described in

Sec. lll, will be enough. The purpose of this section is con-

centrate on the variational principle for the Yang-Mills field Cjayx i Tabg2

and work out the Hamiltonian description. f do iy Ol " Fap ™, 49
Since we require that field equations holddnthe gravi-

tational boundary conditions already imply certain restric- . , )
tions on the behavior of YM fields there. As noted in Sec. IiI, Where, as beforey is the affine parametewith respect to

boundary conditions imply that several components of théhe horizon metrigalong the integral curves of such that
Ricci tensor vanish o, and that the curvature tensethas v = const defines the preferred foliation afandsS, are the
the form (3.2. In particular |Re(é,)| and |Im(¢,)| are two-spheres in this foliation. Now, since |§olated horizons
spherically symmetric on the preferred cross sections. In that"® t0 be thought Of as “nondynamical,” it is natural to ask
case ¢,| can be expressed in terms of the electric and magthat the gauge field, be invariant under the action bfThis
netic charge®, andP, of the isolated horizon: is equivalent to asking that;A; 2 D,V be satisfied24] for
V), the gauge generator. This condition is naturally satisfied
_ 1 . 1 ) since the pullback oF.,|® to the horizonA vanishes. Fur-
Qa-7n ﬂgs | F|éﬁ ﬁ'Red’l' & 4D thermore, the form of the boundary teii#.6) suggests that
’ we fix the gauge so that,A('-I)::A;Ia is proportional to
1 1 Re(¢}), that is, (A'-1)=c Re(¢}) for c a constant on our
Pia—T— jg |F|éﬁ f]g |Im ¢y 2e. space of historie3.The norm of A'-1), as we shall see in
S S 4.2 following sections, is determined by the consistency of the
' Hamiltonian formalism(and will take its standard value in
[HereS, are the two-spheras=const in the preferred folia- the static solutions, when they exisfThen the boundary
tion. The minus signs in front of the first integrals in Egs. {€rm(4.6) arising in the variation of the action vanishes; i.e.,
(4.1) and (4.2) arise because we have orient8gdsuch that f[he bulk action itself is dlfferentlable_ ar_1d the action principle
the radial normal is in going rather than outgoing. is well-defined. Not<=T that the permissible gauge transforma-
Let us now discuss the action principle. For the samdions are now restricted: IA;—A,+D,f, the generating
reasons that the areq is kept fixed in the variational prin- function” f' has to satisfyl®D,f'20 on A (as well as
ciple, we will now restrict ourselves to histories for which Satisfy standard falloff conditions at infinity
the values of electric and magnetic charges on the horizon L€t us now provide a summary of the structure of the
are fixed t0Q% and P, respectively. To make the action Phase space of Yang-Mills fields. Fix a foliation lf by a
principle well defined, we need to impose suitable boundarf@Mily of spacelike three-surfacéd, (level surfaces of a
conditions on the YM fields. Conditions at infinity are the UMe functiont) which intersectA in the preferred two-

standard ones given {23]. To find boundary conditions on SPheres. Fix a normalization for the vector fi¢fd Denote
A let us consider the standard YM bulk action by t? a “time-evolution” vector field which is not tangential

to the foliation with affine parametérnwvhich tends to a unit

1 - time translation at infinity and to the vector fieldl on A.
Sym=— EJMV—QF'abFia d'x. (43 The canonical conjugate moment is given by
Variation of Sy, yields - +h
Hf‘:EhaCanibc, 4.7

1 .
3(Sm)=— 7= f | (DaF™*) A= gd'x

where h,, is the intrinsic metric orM, induced fromg,y,,

1 e ~abosd andn? is the normal toM,. In terms of the lapse and shift
‘i M OA[a" Foq 77" dX. 44 fieldsN andN? defined byt?, the Legendre transform of the
action yields

As usual, the bulk term provides the equations of motion

provided the surface term vanishes. The boundary tdr#)

at infinity is the usual one and is dealt with in the standard 5This gauge condition was independently found by Ashtekar,
manner[23]. When evaluated at the horizon, the boundaryrairhurst, and Krishnan in the more general contextlistorted
term (4.4) does not automatically vanish. Qn, the bound-  horizons[25]. We thank S. Fairhurst for communicating their re-
ary term in Eq.(4.4) can be written as sults prior to publication.
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the sense that is well defined and yields the correct equation
M2V (A1) — NIFL i@ of motion), it is enough to consider configurations with fixed
values of the horizon parameters. However, as we shall see
in the following sections, when considering the Hamiltonian
, (4.9 formulation—essential for the formulation of the first law—
one needs to extend the space of isolated horizons Ttem
to ZH, whereall possible values of the quasilocal parameters

S —1fdtf d®
EM_47T Mt X

N ~ ~. N .
+——=hg [T+ E\/ﬁFiabF'ab

2+h

where the two-formg,,, is the pullback toM of *F,y, are considerefi11].
SE =3¢, El,, and *)FL:=3€,”Fi, With €, the vol-
ume form defined b, . The two-formE,,, is related to the V. SURFACE GRAVITY AND THE ZEROTH LAW

canonically conjugate moment as follows:E}, ) ) ) ] )
— (1/4m) 7 T . I.n eqch SSS splut!on there is a unique time-translational
Jabett - ) Killing field t® which is unity at infinity. As usual, the sur-
iThus, as usual, the phase space consists of Paif§qe gravityresis defined in terms of its acceleration at the
(Aa,Eapi) on the three-manifold, subject to boundary porizon: 13V _tPA keed®. Unlike the Einstein-Maxwell-
conditions, where the connectig¥, is now the pullback to  gilaton theory where knowledge of the exact solutions allows
M, of the Yang-Mills four-potential and the two-forf,,is  us to writex in terms of the parameters of the solutions, for
the dual of the electric field vector density. These fields arehe YM field we do not have a closed form far The only
subject to boundary conditions. On any horizon two-spherexpression we have at our disposal is the general formula
S, , condition (iv) must hold, ensuring that the pullbacks of found by Visser for SSS space-times of the foird), inde-
|F|ap and |E|,p are spherically symmetrft[Since @'-1)  pendently of the matter content of the theory, given by the
appears as a Legendre multiplier in E4.8), it is not part of  expressior]26]
the phase space variables &t] At infinity, A} ,E;,p are
subject to the appropriate boundary conditions that ensure
asymptotic flathess of the metric and are general enough to
include the nontrivial EYM solutions mentioned in Sec. Ill.
The conditions for the YM sector af@3] From the perspective of the isolated horizon framewarls
N 4 P i ) s the acceleration of the properly normalized null nortiaio
Aa=Aa(0,@)Ir+0o(r %),  Fap=Fap(6,¢)/r+o(r ). A [10,11]. In the SSS solutions\ happens to be a Killing
(4 horizon and we can select a unique vector fiéldrom the
The symplectic structure on this YM sector of phase spact® €quivalence clasd®] simply by settingl®At®. Then
can be read off from Eq4.9): Ksss IS t'he accelere}tlon of this spemﬂé._ In the case of _
general isolated horizons, the challenge is to find a prescrip-
1 _ _ _ , tion to single out a preferret?, without reference to any
Qf(ag)(81,8,)= Ef [6,E]6,A— 8,E]6:1A,]. Killing field. The strategy we would like to adopt has two
M (4.10 steps and is motivated by the one used for isolated horizons
' in dilaton gravity[12]. However, as we shall see below, we
(The asymptotic Conditions ensure that the integra's ConWi“ encounter some d|ff|CU|t|eS Wh|Ch make the EYM case

verge) As usual, there is one first class constraljtE},, ~ More subtle than the systems pre\{iogsly studied.
=0 which generates gauge transformations: Under the ca- N tlhe first step, WI? W'f" ”c:jr;nﬁsizl?a 0”:{ uphto a con-
nonical transformation generated B¥;D|, 'bc]}}abcdsx, the Stant leaving a rescaling free —c ., wherecis a

. . L i : constant om\ but may depend on the parametefsQx ,Pa
canoplcal f'e',‘?'s transform, as usual, ‘AQHAa.jL Daf* and ot 46 isolated horizon. For each suich we can define the
E;.p “rotates.” Note that our boundary conditions allow the

) . - . : surface gravityk, relative to that P via [2V,I°A «/I°. Re-
generating functiori; to be nontrivial on theintersection of g YK a =K

M. with) A- th q traint function is still diff scaling of# now induces a “gauge transformation” ir:
¢ with) A; the smeared constraint function is still differen- K=k =Ck . (Recall that in the general Newman-Penrose

tiable. Thus, as in the gravitational case, the gauge degrees]q mework,  is a connection component and therefore un-

freid?m donot beqomgphysma{ in this f[ra?gworg. di dergoes the standard gauge transformations under a change
i N ustiumhmgrlze. ty;)mpos;n}g %se C;l. toun ary tchon "of the null tetrad. By fixind ® up to a constant rescaling, we
lons on the horizon, to be satisfied @l histories in the ave reduced the general gauge freedom to that of a constant

yariational principle, we grrived at the phase space of EY escaling. Since the zeroth law only says that the surface
isolated horizongH,. This phase space can be seen as th%ravity is constant o, if it holds for onel?, it holds for

(gaL_Jge eqﬁwalence clas;,)fc_ffol(l;nons _tlo thle equatlon%s of every |'8=cl? Thus, for the zeroth law, it is in faatot
motion with constant and fixed quasilocal parame®&ls  gggengial to get rid of the rescaling freedom.

QX andP}. For the purpose of the variational princifile Recall that the isolated horizon is naturally equipped with
equivalence class¢gs$,n] of vector and covector fields, sub-
ject to the relationl(,n)~ (G~ 11,Gn) for any positive func-

6At the horizonA, the natural parameter and the “time” pa-  tion G=G(v) on A. As we already mentioned, our first task

rametert coincide. is to reduce the freedom in the choice Gfv) to that of a

1
Kssfme—5<fh>[1—2m’(rh)]. (5.1)
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constant. We use the same strategy ds11]. (For moti-  ond and more serious problem is that, for an arbitrary point
vation, sed11].) Recall thatu, the expansion af, is strictly ~ in parameter space, there might not be any SSS solution
negative and constant on each leaf of the preferred foliation(recall that the colored black holes span only a countable

u=u(v)<0. Itis easy to verify that number of points in th&, axis for a given value of ,). As
_ _ we shall see in next section, one can still have a consistent
n%—G(v)n® implies u—G(v)u(v). (5.2 Hamiltonian formulation and a first law even for those iso-

lated horizons lying on points of the parameter space where
Hence, we canalways use the G(v) freedom to set no SSS solutions exist. But as should be clear from the dis-
w4 const. This condition restricts the family dff(n,) pairs  cussion, at this point there is no canonical normalizatiop of
and reduces the equivalence relation tol?r,) on the whole spacg&H.
~(cl?,c™'n,) wherecis any constant oA. We will denote Even when we cannot find an explicit functional form for
the restricted equivalence class [y,n,Jg. In the second , we can still write the general form that shall have.

step, we camvrbitrarily fix the numerical value of interms  Using an identity coming from the isolated horizons bound-

of the parameters of the isolated horizon and eliminate thery condition we have the following relatidi.1]:

rescaling freedom altogether, thereby selectifa, each

choiceof «, a canonical pairl@n,) on each isolated hori- o A 1

zon. 1=
With the equivalence clagd? n,]r at our disposal, as

discussed above, we can define a surface grawjtwia  Using the expression fab,, in terms of the charge$.4) we

12V 1P A k1. Constancy ofk; on A follows from the same have

arguments that were used [ifil]. For completeness, let us

briefly recall the structure of that proof. First, using condi- 11

tions on derivatives of?,n, introduced in the main defini- k== o2

tion, one can express the self-dual part of the Riemann cur- A

vature in terms ok, , V.« ,u (and another field which is not  For those points of parameter spafavhere an SSS static

relevant to this discussignComparing this expression to the solution exists, we can go further and make use of the gen-

standard Newman-Penrose expansion of the self-dual curvaral form of the metrig2.9). One then finds that the expan-

ture tensor in terms of curvature scalg?d], and using the sjon of the properly normalized is such that

fact that certain curvature scalars vanishdofsee Eqs(3.4)

and(3.5)], one can conclude

2

-+
a, 11

. (5.5

_(Qi+PY)

z (5.6

@d(r)—8(=)

Hsss™ = — - (5.7
A

v,
(Viak))np 20 and Klé?- (33 A coordinate transformation can always rendér)=0, so

the properly normalized for general isolated horizons takes
The first equation implies that, is spherically symmetric. the form
Hence, it only remains to show thétx, 2 0. Sincew is now

a constant on\, it suffices to show that, ¥,=0. Now, the _e 22 Qs Pa) 1 (QA+P3) 58
(second Bianchi identity implies that x 21y r2 '
Li(¥— D9 L0. (5.4  Itis in a sense remarkable that our ignorance about the ex-
_ _ b s plicit form of the solutions is encoded in the function
Finally, using Eq.(3.2, we conclude thatb,;=8m(Qj We end this section with a discussion. As we have em-

+P3)/a. Thus,®y; is constant omA. Combining these phasized in this section, any choice pfin terms of the
results, we conclud€, x; 20, whencex, is constant om. horizon parameters defines a vector fitgldand a surface
This establishes the zeroth law. gravity onZH. However, one would like to make contact
Let us now consider the second step in fixing the normalwith the space of static solutions in such a way that the
ization ofl. So far, we have only required thatbe a(nega-  surface gravityx, coincides with the surface gravity of the
tive) constant but not fixed its value. Under the rescalingproperly normalized Killing field. In the case of Einstein-
w—c~ 1y we havel—cl and k;—ck, . Hence, the remain- Maxwell-dilaton theory[12] this was indeed possible since
ing rescaling freedom ihand « can be exhausted simply by the static solutions span the space of horizon paramgters
fixing the value ofu in terms of the isolated horizon param- That is, for each value of the isolated horizon parameters,
eters. We would like to single out a canonical choice, and thehere exists dunique static solution which allows us to fix
obvious strategy is to fix to the valuewgssit takes on the  u in a unique, canonical way. In the case of EYM theory, the
SSS solutions. However, there are two difficulties: First, al-space of SSS solutions does not sgarThus, one is able to
though usssis a well-defined function of the isolated hori- canonically fixx only in this subspace; for a general point,
zon parameters, ,Q, andP, , where static solutions exist, there is no preferred normalization. This seems to be a seri-
there is no closed expression for it in terms of these paramsus shortcoming of the formalism that might place the EYM
eters simply because the full set of solutidircluding the  system on a different status than the EM and EMD systems.
colored black holesis not known in closed form. The sec- As we shall see in next section, this ambiguity is also mani-
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S, sphere boundary ofl; at the horizon and infinity, respec-
tively. Choose a timelike vector field in M which tends to
the unit time-translation orthogonal to the foliation at spatial
infinity and to the vector field® on A, with the normaliza-
tion fixed (or partially fixed as in Sec. V. Then, the Hamil-
tonianH, generating evolution alontf' is given by

r
Ht=J constraints lim é % v,|2-d.Q.
M ra—so J S 477G
i 0 °
-1
_FI_G. 1 RegionM of space-time considered in the variational + i; ( it v, 26+|(A~|)|QA+V, (6.1)
principle is bounded by two partial Cauchy surfadés and M. s, 147G

They intersect the isolated horizdn in preferred two-sphereS;
andS, and extend to spatial infiniti’. where S; | are large two-spheres of radiug and V is a

. _ i . constant onZH,, the space of isolated horizons with fixed
fested in the definition of mass. However, this problem will\,5,es of the horizon parameterThe calculation and the
also motivate a second conjecture that we shall put forwar@n | result are completely analogous to those in the Einstein-
in Sec. VII. Maxwell casg11].) Note that the surface terms depend only

on the “Coulombic” parts of the gravitational and Yang-
VI. MASS AND THE FIRST LAW Mills fields.

The space-times that admit an isolated horizon are not Itis easy to check that theAgarface term at infinity is, as
i a
necessarily stationary; therefore, it is no longer meaningful'Stal. the time componenl;™"t* of the ADM four-

ADM H H :
to identify the ADM massM with the massM , of the iso- ~ MomMentumP;=%, which in the present+ ';M;'HSL%TA&

lated horizon. For the formulation of the first law, we mustture is the negative of the ADM energpq
first introduce an appropriate definition bf, . This defini-  Itis natural to identify the surface term & as the energy of
tion should be general enough in the sense that, for eacdiie isolated horizon(There is no minus sign becauSg is
choice for the normalization of?, the mass should be theinner boundary ofM.) Sincet®A|? and sincel® repre-
uniquely defined, and the first law should be valid gory ~ sents the “rest frame” of the isolated horizon, this energy
choice of normalization. As we shall see, the Hamiltoniancan in turn be identified with the horizon malsk, . Thus,
framework provides a natural strategy. In the Einstein-Wwe have

Maxwell-dilaton case the total Hamiltonian consists of a 4

bulk term andwo surface terms, one at infinity and the other , ) _ M 2

at the isolated horizon. As usual, the bulk }[/erm is a linear 1A — fﬁs (47TG WZ) e+I(A-DIQa+V()(@s Qs Py).
combination of constraints and the surface term at infinity 6.2
yields the ADM energy. In a rest frame adapted to the hori-

zon it is then natural to identify the surface termAaas the Here, the so far undetermined functivhdepends only on
horizon masM, . Indeed, there are several considerationghe horizon parametergéand coupling constants In the
that support this identificatiofi.1]. variational principle, this term played no role, but in the

For the gravitational part of the action and Hamiltonian, Hamiltonian description it becomes essential, since we are
the discussion of11] only assumed that the stress-energynow interested in variations along the full isolated horizons
tensor satisfies two conditions At (i) —T,,l? is a future-  phase spac&H. Thus, one should be able to consider in the
pointing causal vector field oA, and(ii) T,,/2n is spheri- ~ formalism displacements along directions in which the hori-
cally symmetric onA. Both these conditions are met in the zon parameters change. As we shall show below, requiring a
present case. Therefore, we can take over the resuftslpf — consistent Hamiltonian formulation enables us to determine
directly. For the matter part of the action and Hamiltonian,the functionV for the EYM system. Now, using the expres-
the overall situation is again analogous, although there argion(5.3) of surface gravity in terms of the Weyl tens@nd
the obvious differences in the detailed expressions. As in the.), and calling®,:=|A-1| on A, we can casM, in a more
Einstein-Maxwell case, matter terms contribute to the surfacéamiliar form
terms in the Hamiltonian only because one has to perform
one integration by parts to obtain the Gauss constraint in the
bulk term.

The net result is the following. Consider a foliation of the
given space-time regioM by a one-parameter family of where we have dropped the explitit dependence of the
(partia) Cauchy surfacedl;, each of which extends from mass for notational simplicity. Thus, as in the Einstein-
the isolated horizom to spatial infinityi® (see Fig. L. We  Maxwell case, we obtain a Smarr formula. However, the
will assume that; intersectsA in a two-sphere belonging meaning of various symbols in the equation is somewhat
to our preferred foliation and that the initial data induced ondifferent. Since an isolated horizon need not be a Killing
M, are asymptotically flat. Denote b$, and S, the two-  horizon, in generaM , does not equal the ADM mass; nor is

1
My=g—kay+®,Qu+V(ay.Qs.Py), (6.3
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x or &, computed using a Killing field. Since the constraintstency requirement is to limit the class of variatioAsal-

are satisfied in any solution, the bulk term in Ef.1) van-  lowed. This has two dramatic consequences: First, it defines
ishes as well. Hence, in this cas¢,=M,—E”PM the dif- a foliation of phase space by a collection (symplectio
ference being the “radiative energy” in the space-time. Fi-leaves over which the Hamiltonian formulation is consistent,
nally, as emphasized ifl1], the matter contribution to the a situation which puts the construction in the “nonstandard”
mass formula(6.2) is subtle: while it does not include the class. In fact, some simple systems are described by a similar
energy in radiation outside the horizon, it does include theype of situation, as, for example, tiieduced Hamiltonian
energy in the “Coulombic part” of the field associated with description of a rotating body where the—three-
the black hole hair(Recall that the future limit of the Bondi dimensional—phase space is foliated by two spheres, each of
energy has this properlyThis fact is crucial to the analysis which is a true symplectic manifold where the Hamiltonian
of the “physical process version” of the first law. However, motion is restricted 28,29. Second, the status of the first
since this issue was discussed in detailld], we shall not law changes from that of an identity, valid for all variations,

discuss this here. to that of a specification of the class of variations that the
Now, a consistent Hamiltonian formulatidfor a sector formalism allows.
of a diffeomorphism invariant theoyyrequires that for an It is important to note that in the first la(®.6) only varia-
arbitrary vectoré$ tangent to the symplectic manifoldle.,  tions of the electric charge are involved, and not variations of
the phase spadé), one has the magnetic charge. On the other hand, the horizon mass
(6.3 might depend orP, throughV.
oH=Q(6,Xy), (6.4 Let us now see that asking consistency of the formalism

leads us to some conditions that the funct\rshould sat-
whereXy is the vector field that corresponds to the equationssfy. In order to do this we shall follow, for completeness,
of motion for a given choice of lapse and shift, afds the  Ref. [30] closely. The first step in this direction is to regard
Hamiltonian function corresponding to the same choice ofq. (6.6) as an identity between one formsMd
lapse and shift. In the preceding prescription one assumes (1/8x) kda, + P ,dQ, , wherex,®, , andV are functions

that the evaluation ofH is carried out by considering the on £. Thus one can consider differential forms 6rand take
change irH associated with the displacemehof the phase  an exterior derivative of the “first law” to arrive at

space point, but keeping the lapse and dhitd If we now
let the choice of lapse and shift depend on the phase space 1

point—as is the case whéns normalized as in Sec. V—we 0= Swdx/\daAerd)A/\dQA. (6.7)
would obtain anewvariation 5H. This might fail to satisfy

The first conclusion coming from E@6.7) is that the varia-

tions onL are restricted to submanifolds such that the pull-

back of the form &,/\da, vanishes. That i, is not free

to vary independently of , andQ, . This is precisely what

happens for SSS solutiofiepresenting only discreteset of

curves in the planer(,P,)] and in the static axial-

1 symmetric casg31] (also covering a discrete set of curves in

5MA:8_K53A+(DA5QA- (6.6) the p_lanee. From now on, we restrict ourselve_s to the sym-
™ plectic leaves where the formalism is well defined. On these

) ) ) .. submanifolds the magnetic charge becomes a function of the
That is, the first law of black hole mechanics—for quantities,eq and electric chargB, =P, (r ,Qy).

defin'ed only at the horizqn—arises .natu'rally as part of t_he Second, the conditiof6.7) gives us a relation betwesn
requirements for a consistent Hamiltonian formulation 'nandCDA:
which, for every value of the horizon parameters, one has
chosen a canonical lapse and shift functions making the latter
dependent on the point; in phase space. Note that in contrast — =87 )
with the above situation, when constructing a Hamiltonian to 9Qa da,
deal with the analogous problem at infinity, the canonical
choice of normalization of lapse and shift at infinity is taken Thus, if we know the surface gravity, then we can derive
as independent of the phase space point; namely, they af® expression for the potentid, .
chosen to correspond to a unit time translatioormal to the Finally, taking the variation of Eq6.3) and comparing it
initial-data hypersurfageat infinity. to Eq. (6.6) we arrive at the following equations:

In the cases of Einstein vacuum, Einstein-Maxwell, and
Einstein-Maxwell-dilaton theories, this consistency require- B ID 5 Y
ment translates into an identity that is automatically satisfied aAE +87”AQAE+87”AE:Q (6.9
by the expressions d¥l,, «, etc., for all values of the pa-
rameters and variations thereof. In the case of Einstein-
Yang-Mills theory—as well as in other theories where hair is fa i +Q
present—the only way to ensure the validity of the consis- 2 9Qy

SH=Q(8,Xy), (6.5

with the same X, as in Eq.(6.4). It turns out that the neces-
sary and sufficient condition to obtain the required consis
tency is the validity of the first la27]:

K 0(1>A (6 8)

oy IV
4

dQx &QA:O, (610
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where a,=4xr3 and, for convenience, we have definedwhich corresponds precisely to the value of the electric po-
B:=2r k. Thus, givenk and®, one can in principle, inte- tential on RN solutions. Equatiof6.9) now implies that
grate Egs(6.9) and (6.10 to find V. Note that these equa- J;,V=0 and do,V=0. Since the restriction oV to the
tions are defined over the horizon parameters spaceo  planeP,=0 does not depend dR, , the only possibility is
they are completeljocal to the horizonA. that V= const on theP, =0 plane of£. In order to fix the
Recall that the general prescription for arriving at an ex-value ofV we notice that the Schwarzschild one-parameter
plicit expression for surface gravity, for general isolated family of solutions—corresponding to zero electric field—is
horizons, involves the fixing of the expansipnas function  contained within the electric RN family. These solutions are
of the horizon parameters. For this, one requires some inpyiurely gravitational since the gauge potential vanishes ex-
from the SSS solutiongwhere they exist However, it is  actly, and it is known that for the pure Einstein theory one
important to stress that the results of this section regarding éan setv=0 (see[11]).
consistent Hamiltonian formulation and the validity of the  We now have expressions of the maég , surface grav-
first law are independent of the particular choice of normality «, areaa, , and the electric potentiab,, of any isolated

ization u (and«) that one makes. Thus, there is a consistenhorizon in terms of its fundamental parametexsQ, :
Hamiltonian for each choice. This is particularly important

for those points of horizon parameter space where no SSS M i
solutions exist and, therefore, no “canonical” normalization MA=7 1+—. (6.14
is available. Nevertheless, isolated horizons still exist, and Fa

are well defined for those points of parameter space. It is = | ) ) _ )
when we want to have a canonical choiceugfand therefore This is precisely the same form as in the Einstein-Maxwell
of x and M, , that we are forced make contact with static theory. The total energy of the systéinrelated to on-shell
solutions(for the allowed regions irt). value of the Hamiltonian, is given by

In the remainder of this section, we focus our attention on
static spherically symmetric solutions to the EYM equations E=—Hi=Mapnu—Ma, (6.1
described in Sec. Il. We shall consider the three classes of
SSS solutions described in Sec. Il, and find expressions fo¥ Let us now consider embedded Abelian magnetic solu-

their surface gravityx and horizon massebl,. As dis- . . : . ;
9 YK A ons. For this solutions, the electric charQg vanishes, so

cussed before, a study of the three sectors of SSS SOIUﬁO[She horizon mass variation formula, when restricted to the
serves two purposes. First, it provides us with a way of fixin ; '
purp b y gpurely magnetic sector of the SSS space, takes the form

the normalization ofl® for general isolated horizons for

those point of parameter spatewhere SSS solutions exist, 1

and second, it will allow us to find, in the next Sec., new SM,=-—«kda, . (6.16

results regarding SSS solutions. This is because, even when 8

the expressions we will find fok and M, are valid in the o

general framework, they are, in particular, also valid for SSS'he formula for the mass, E¢6.3), is given by

solutions. Some of the results of this and the next section, 1

Eggf@ﬂg SSS colored black holes, were already reported in MA=EKaA+V(FA Q,=0P,=1). 6.17
Let us start with the electrically charged case, correspond-

ing to the P,=0 surface in£. Since these solutions are The normalization factop remains the same as in the elec-

nothing but electrically charged Reissner Nordstreolu- trically charged case given by E@6.11) and the surface

hich for the electric RN embedded family vanishes exactly.

tions, the expansion of is given by[11] gravity is given by
1 1 P3
p=—— (6.11) k=5—|1-—]. (6.18
A ZADN rs
and the surface gravity is given by Then Eq.(6.8) implies thatd, is zero. The second set of
equationg6.9) and (6.10 reduce to
_ L 1 Qi 6.1
o E : (6.12 dq,V=0 (6.19
We can now consider Eq(6.8) and find thatd, @, and
=—Q,/r}. Then, askingD, to vanish as y,~=, we have y
that O \N== 750 B (6.20
@A:%, (6.13 Usi_ng Eq.(6.18 we get the following equation th&t should
Ia satisfy:
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p2
V=——.
A

/__r_A !
d (6.21) Vi=-58 (6.28

A

. . with the prime denoting differentiation with respecttg.
Now, recall that, for a given value of the magnetic charge(we are considering variation with fixed valuerof Further-
P, one has black hole solutions fog=|P,| (the extreme more, by requiring thatM ,—0 asr,~>0—coming from

case corresponding to,=|P,|). In order to integrate Eq. physical considerations—we arrive at the following relation:
(6.21), one has to choose some “boundary conditions” on

the space’. Our choice, motivated by consistency with the

colored black holegsee beloy, is to setV(ry,=P,)=0.
With this choice,V takes the form

2

nPi_ P
v=f S =2 [Py, (6.22
IPalT Fa
With this, the horizon maskl, is given by
Fa Pi
My=% 1+r—2 —[Pal=Mapw—|Pal.  (6.23
A

1(ra ~ ~
MAz—J' B(r)dr, (6.29

2)o
where the integration is again performed over fpace of
parametersof the n-colored black hole, labeled by the hori-
zon radiusr, , and not over space-time. Let us note that for
the n=0 solution, whereg is known in closed form 8
=1), we arrive atM (A“:°)=rA/2= kay/(4), as expected.

Several remarks are in order. First, we must emphasize

that the determination of, and thus oM, , relied on con-
siderations involving only variations of quantities associated
with the horizonA. Thus, the horizon mass is a well-defined
quantity in the isolated horizons phase spdtt (provided
that a global normalization of existy. Second, the Hamil-

Let us now consider the case in which the Abelian solutonian horizon mas¢HHM) defined by Eq(6.3), when re-
tion has both electric an@init) magnetic charge. The surface stricted to SSS configurations, does not agree with the usual

gravity is given by

1 (Q3+P2)
K= — - .
21

3

(6.29

Equation(6.8) leads us to conclude thd,=Q,/r,, and
Eq. (6.9 takes the form

2 P2 2 P2
_(arPY A)+%:——§. (6.29

9,V r2 r2 r
A A A

A

Then, imposing again the boundary condition tWatanish
on extremal magnetic solutions, we have that

P3
V=——P,4. (6.26
N
The horizon mass is now
Ma=Mapm — Pa, (6.27

and the total energy is then

E=P,=1.

definitions of mass that one finds in the literatisee, for
instance[17] and[33]). It should be stressed that E&.29
comes from a consistent Hamiltonian formulation, andas
a definition as occurs in other treatments.

As it was discussed at the end of Sec. V, the fact that SSS
solutions to the EYM equations do not span the spAas
horizon parameters is, in a sense, disturbing. It might seem
that the Einstein-Yang-Mills system is in a different status
than the Einstein-Maxwell-dilaton system where the space of
horizon parameters is in a one-to-one correspondence with
the space of static solutions. One would like to have a similar
result in the EYM case. However, the SSS solutions span
only a subspace of. Luckily, the spherically symmetric
solutions in EYM theory do not exhaust all possible static
solutions(as occurs in EMD theody there are static solu-
tions with axial symmetry that are not spherically symmetric
[31]. With these results at hand, we propose a completeness
conjecture in the next section.

VII. CANONICAL NORMALIZATION PROBLEM:
A PROPOSAL

We have seen that in order for the isolated horizons
scheme to define the surface gravity and the horizon mass of
the colored black holes we needed to introduce a uniqueness
conjectureC1 that guarantees that, given the isolated hori-
zon parametera, ,P, ,Q, , there would be at most one SSS
solution. This was needed for, otherwise, the normalization
of u would not be uniquely specified given those parameters.

Finally, there is the most interesting case, i.e., the familyThe existing numerical evidence does indeed strongly sup-

of colored black holes labeled vy and an integen. Since

port this conjecture. However, as we have mentioned before,

these solutions correspond to the purely magnetic case, Egsnd as is evident from the previous discussion, this is not
(6.16), (6.17), (6.19, and(6.20 continue to hold. This last sufficient in order to have the isolated horizon framework
condition that the functio’/=V(r,) should satisfy can be working for the EYM system to the same extent that it

written as

works, say, for the Einstein vacuum, Einstein-Maxwell, and
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Einstein-Maxwell-dilaton systems. In order to achieve thatacterized by its parameters at infinith) app » Poe » Quo , Joo
we would need to have a canonical normalizationudior a  and therefore the conjecture would imply the existence of a
“complete” set of values of the isolated horizon parameterswell-defined map ¥: (a,,Px,Qx,Ja)—(Mapm,+Pe,
In the previously mentioned cases this canonical choice i§)..,J..) The failure of the no-hair conjecture would indicate
given by the existence of statiand spherically symmetric that this map is not invertible. In fact we know that it would
black hole solutions for all isolated horizon values of thenot be injective. Moreover, the map would be nontrivally
parameter%. four dimensional, in the sense that fixing, sdy=0 would
There is strong numerical evidence against the validity ohot fix J,=0, as can be seen from the following expression
the analogous claim in the case of the EYM system. In facf34]:
in the regime of staticity and spherical symmetry there are,
given a fixed value o0&, , only a discrete set of values Bf,
for which there are black hole solutions. Moreover, within
this regime there are no black hole solutions for any value of
P,#1,0 andQ, # 0. Thus, if we want to have any hope that valid for stationary black hole solutions in EYM theory.
any claim in that direction might be true, we must formulateHere,3, is a maximal hypersurface intersecting the bifurcate
it outside this restrictive regime. Indeed the fact that in EYMhorizon, and? is the projection t& of the time-translation
systems there are static black hole solutions that are ndilling field. As it can be seen from Ed7.1), there is a bulk
spherically symmetri¢indicating that the theorem analogous contribution toJ.., the canonical angular momentum at in-
to Israel’s theorem is false in this casdready shows us that finity. Here,J, is a particular definition of “horizon angular
we must go beyond the SSS regime. In fact the solutiongnomentum” (given by a Komar integral and() stands for
alluded to above are axially symmetric, instead of sphericalljthe angular velocity of the horizon, i.e., the expression ap-
symmetric, but seem to share, with the SSS solutions, thpearing in the first law,
discreetness of the allowed valuesP{ (at least to the ex-
tent that this issue has been studjéd]). Thus we have to
go beyond this regime as well. In fact there are strong indi-
cations (see, for example, the discussion [i23]) that we
must go beyond the static regime, and pose the conjecture inhere®., is the “electric potential” at infinity. In fact the
a broad enough setting that would still allow one to singleEYM system is, in this respect, rather different from the
out, for a given choice of IH parameters, a particular blackEinstein-Maxwell system, because in the latter one can dis-
hole solution and thus a canonical normalizationuofThis ~ entangle, for example, the expression derQ from the ex-
would be of course the class of stationary black hole solupression for(2J.., something that cannot be done in EYM
tions, where we would have to keep track also of the angulalr34], in which case the only relationship that can be obtained
momentum, both at infinityl,, and at the horizod, . The is given by the expression
completeness conjecture would thus be the followi@g:
For every value of the isolated horizon parameters _ _ ab ari
a,,P,,Q,,Js for which a space-time can be constructed, B (2., (D“’Qm)_f N(mapm™+ 288/, (7.9
there exist also a stationary black hole solution with the
same value of the parameters, now characterizing the Killingvith 72° the momentum conjugate t,;,, the Riemannian
horizon® metric onM, andN the “lapse function.”
Let us now consider some of the implications of this con-  Assuming the validity ofC2 one would have a canonical
jecture. First, a stationary black hole solution would be char<hoice for the normalizations that could be used to uniquely
definex andM , , the one provided by the Killing field of the
stationary solution that is null at the horizon and that is nor-
’In fact, although this is true for the Einstein vacuum system, inmalized so that at inﬁni.ty is 6.1 unit time trans.lation' In ordgr
the Einstein-Maxwell case we already have a potential problemt0 make .aII thes'e conslderatlons more precise from the iso-
because iQ>r , there is no such static solutions. The (:onsisten(:yla_1ted horizon point of view, one needs to consider the exten-

of the whole scheme would require the impossibility of constructingSion of the formalism given ii25,35. _
a space-time containing an isolated horizon with such values of the NOW, let us concentrate for the moment in the SSS sector

parameters. This is a rather serious consequence of the present poiitd see if we can understand the discreteness observed there
of view, and one that should be testable. There is a strong correldn terms of this conjecture. In the analysis that led to the
tion of these issues with the cosmic censorship conjecture that préliscovery of SSS black holes in EYM theory, one is fixing
vents us from violating the inequali@®<r , for static solutions. It P,,=0 because one is interested in solutions that are Abelian
would seem that the IH formalism implies that one cannot construcat large distances. Moreover, spherical symmetry evidently
initial data for a solution containing a black hole with values of the requiresJ,,.=0 andJ,=0. Moreover, the mixture alluded to
parameters that violate this inequality. before would prevent us from achieving ttigpherical sym-

8 this statement, a space-time “can be constructed” wheneveMetry) unless we also seQ..=0. Thus we see that the
there exists an asymptotically flat solution to the EYM equation(highly nonlineaj problem is given by four constraints in a
satisfying IH boundary conditions with the specified values of thefour-dimensional space, and thus that the set of solutions is
horizon parameters. expected to be given by a discrete se¢., the linearized

470y —J.)= j2d3x[th?FLb+ L(ADE?R], (7.

1
M pom + @.0Q.~ Q8J. =5~ xday, (7.2
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problem about a given solution in the SSS sector has nanitial data that, upon evolution, would be static near the
nontrivial solution within the sector horizon and near infinity at least for a finite “time” interval.

Next, let us consider some consequences of the completdake the equations for the SSS solutj@ys.(10), (11), and
ness conjecture in the structure of the spdcéVe have seen  (12) in [15]] and setr = \al/4mx, w(r,))=+1- Py, and
in Sec. VI that the spacEH (where we now have to include evolve the elliptic equations up to, say= 2ry (if we con-
distortion and rotatior{25,35) is foliated by “symplectic tinue to evolve the equations attempting to obtain a static
leaves” where the Hamiltonian formulation and the first law solution, we would find thaw diverges, so the solution
are valid. This foliation intersects the spaSeof stationary  would not be asymptotically flatFor, say,r=5r take the
solutions and defines a one-parameter foliation of it. Now, ifinitial data for the Schwarzschild solution. In the intermedi-
the C2 conjecture is valid, we have an isomorphism betweerate regionr  (r,y,5ry) take any interpolating function for
S and £, which then induces a canonical foliation 6f w, and set the time derivatives of the functiowsm, etc.

On the other hand, we must point out the following heu-(i.e., the “momenta’) to satisfy the constraints. The point is
ristic argument against the conjecture. Consider a stationaitpat the evolved space-time will be static in a neighborhood
black hole solution in EYM theory; in order to be asymptoti- of the horizon, so, in particular, the horizon will be isolated,
cally flat the YM field strength must fall off rather rapidly at at least during some finite time intervalntil the radiation
large distances. Thus the self-interaction of the fields must beoming from the intermediate region arrives at the horizon
falling off faster than the fields themselves and thus the field&ote that, generically, in this case the event horizon will fail

must behave in the large distance limit as free fields, i.e., a® coincide with the isolated horizon. , ,
Abelian fields. This suggests that the only possible values of 1N€ argument above suggests that the manifold of isolated

the magnetic charge at, P., are the Abelian values Q,1. . horizon parameter® is indeed four-dimensional and thus
(there is, of course, no such restriction on the allowed valudh® conjecture would require the identification of this four
of the electric charge This view is supported by the expe- dimensional manifold with the infinite set of three-
rience with the static spherically symmetric solutions. Thusdimensional components that seem to constitute the manifold
any stationary solution would be characterized at infinity byOf Stationary solutions. The best that can be hoped at this
the parameterd \ou, Q.. ,J.. (setting for the momenP., point is thatS be dense irC, a situation that would indicate
=0 to simplify the discussion On the other hand, the solu- that in the EYM theory there is much richer structure that
tion will be characterized by its horizon parameters, amond?hat is found in, say, the Einstein-Maxwell system. In this
thema, . We know from the first law in its asymptotic in- ¢@S€ the cqnqnlc_al _normallzat|o_n favould be given by an
finity version, Eq.(7.2) (see the discussion {i23]), that the appropiate Ilmn(Wl_thm S) of solutions where_the normahza-
stationary black hole solutions are extremumMfipy at tion exists(assuming, of course, that there is s_uch [)mit
fixeda, ,Q..,J.. within the constrained phase spdce., the On the. other hand, t_he arg”m‘?”t above s by not any
space of allowed initial data, which as usual, can be identiMeans a tight proof, particularly so in the case of the conclu-
fied with the space of solutionsEach such extremum is an Sion about the Abelian nature of the allowed value$of.
isolated point in that space, so the manifold of stationary*S We have mentioned before, the validity of this conjecture,
solutions is three dimensional. [23] an argument is given ©F Some version of ifas, for example, a version based on the

that indicates that there would be a countable infinity of So_assumptipn that the manifold of gtationary sqlutions is
lutions for each value of the parametexs,Q..,J.. which mapped into a dense subset of the isolated horizon param-

would generalize what happens in the case of the static s§¢€'S: Seems to be the only reasonable way in which the

lutions. This suggests that the manifold of stationary soluiSolated horizon scheme can be as successful in the general

tions is made of a countable infinity of connected three-£8S€ as it has proveq to be in thg Einstein vacuum, Einstein-
dimensional components. On the other hand, the conjectufd@xWell, and Einstein-Maxwell-dilaton theories.
would seem to indicate that such a manifold must be four Needless is to say, further research is required in order to

dimensional. The only way to avoid this would be to requireeIUCidate whether one of the scenarios considered above is
the impossibility of constructing solutions of the equationscorreCt or whether, in fact, the isolated horizon scheme fails

representing asymptotically flat black hole space-tirfrest to achieve in EYM theory the same degree of success that is

necessarily stationarycontaining isolated horizons for all attained in the previously treated cases.
values of the isolated horizon parameters.

One would be tempted to take such position in view of the
discretness of the SSS colored black holes with a fixed valué/!ll. SPHERICALLY SYMMETRIC STATIC SOLUTIONS:
of the horizon area?. Let {P}}, be the values of the MASS AND HAIR
horizon magnetic Ocharges of the SSS colored black holes |, this section we shall restrict our attention to the SSS
with horizon areaa, . One might want to argue that given a gector of isolated horizons. One issue that has been consid-
value of Py € (0,1) that is not in that list, and is, say, be- ered for non-Abelian gauge theories is the relation that might
tween two of the values in the list, one cannot construct &xist between the existence of regular static, solitonic solu-
solution representing asymptotically flat black hole spacetions, and “hairy” black hole solutions. This issue has been
time with an isolated horizon and, sap,=al,Py  considered, for example, if19] from heuristic and dimen-
=P,,Q,=0J,=0. Unfortunately this claim is evidently sional arguments. In this section, two main issues are stud-
false: The recipe for constructing such a space-time is to giveed. First, by restricting the Hamiltonian formulation for iso-
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lated black holes to the SSS sector, we can define theected component of the space of SSS colored black holes is
Hamiltonian horizon mass of SSS black holes in EYMone dimensionalparametrized byw,), and solutions corre-
theory. We then use this expression to show that this quasilsponding to distinct values ofbelong to disconnected com-
cal definition together with some basic properties of Hamil-ponents. That is, the space SSS has a countable number of
tonian mechanics lead us to a formula relating HHM andconnected components. As we shall now shownferl the
ADM mass of the colored BH solutions with the ADM mass value of the Hamiltonian turns out to lafferentfrom zero:
of the solitons of the theory. We also conclude that the posiH{# 0.
tivity of the “total energy” spectrum of the colored black Recall that the general argument described above tells us
holes is related to their instability. that the(on-shel) value of the Hamiltonian is constant for

These results are quite surprising, because the IH formakach family labeled by. This in particular implies that its
ism was developed to extend the notion of black holes toalue is independent of the radiug of the horizon. Thus
situations where radiation is present—and goes out tone is allowed to take the limit
infinity—and one might have not expected to obtain new
results already in the static sector of the theory. H® = 1im [M{By(rs) =M (r 1. (8.9

As we have previously mentioned, the HHWl, of a SSS ra—0
BH does not correspond to any of th? quasilocal deﬂmt'onﬁ\low, it is known that the colored black holes converge
of the BH mass considered in the literature. Furthermore, . ' . : . ) .

ointwise to the Bartnik-McKinnon soliton solutiorf48]

M, has the virtue of being constructed from a consistenp e (1) (n)
Hamiltonian formulation which places it on a different statusand that the ADM mass salisfibpy — Mgy whenr,—0.
as the standard definitions. Furthermore, the horizon mass of the black hdlg goes to

To begin, let us calculate the value of the “total energy” zero in this limit, so we can conclude that
E of the system for the three sectors of SSS solutions. In HM = MO - 8.2)
order to do this, we use a general argument from symplectic B '

geometry that states that, within each connected componeg{a; s, the total value of the Hamiltonian equals the mass of
of the space of static solutior embedded in the space of he nth Bartnik-McKinnon(BK) soliton solution.

isolated horizons, the value of the Hamiltonibiy remains We now collect our results for colored black holes and
constan{11]. Let us review this argument since it is essen-arrive at the following unexpected relation:
tial for our discussion. The Hamilton equations of motion
can be written agH = Q(8,Xy), whereQ is the symplectic M (r) =MW +MO(r,). (8.3
form, & is an arbitrary variation, an¥ly is the Hamiltonian
vector field. A static solution is one at which the Hamiltonian Thus, we are in the position of writing an explicit formula
vector field either vanishes or generates pure gauge evoldier the ADM mass of then colored black hole as function of
tion. In either case, the symplectic structure evaluatedon rx:
andany arbitrary vector fields vanishes. Therefore, for this
point of the phase spacé&H=0 for any directioné. In
particular 6H=0 for variations relating two static solutions.
Now, in the case of Einstein-Maxwell theory, the no-hair
theorems ensure that all static solutions are given by the R\ Fig. 2, we show the values of the HHM as a function of
family. That is, the space of static solutions is, in that casethe horizon radius, for then=1,2 families. Note that for a
connected. Furthermore, since there is no energy scale in tlggven value of the horizon area, the higimes, the lower the
theory, the only “preferred” value foH, is zero[11]. horizon mass of the corresponding black hole. In Fig. 3 the
What is the situation in Einstein-Yang-Mills theory? First, value of the horizon magnetic char@g is shown as func-
there is the Abelian family of electrically charged solutions,tion of the radius.
which represent a connected component, parametrized by It is important to stress tha priori, one would not ex-
M,Q. For these solutions, the basic reasonin§ldf applies  pect to get the value of quantities defined at infinity, such as
and, as follows from Eqg6.14) and(6.15, one has to con- the difference of ADM masses in terms of purely local quan-
clude that for these solutiond=0. However, there is a tities atA. At this point one might raise the following objec-
subtle modification in the case of magnetic Abelian solu-tion to the construction ofl , for colored black holes: If we
tions. These solutions represent a disconnected componestart by considering the equatidM , = x da, /87 and try to
labeled by one parameter, namely, the mdsshe magnetic integrate it along the one-dimensional curve defined for each
chargeP is fixed to be unity. As discussed in Sec. Il, the n, one can “trivially” do so by using the usual form of the
EYM system possesses an energy scale given by the YNirst law at infinity, which tells us that the general solution
coupling constant, so, in principle, nonzero valuedHofre  for M is given byM =M spy +¢, with c a constant. Then
allowed. In the one-dimensional component corresponding tone might argue that the “only” thing one is doing is to set
Abelian magnetic solutions, the value Bfcan be computed ¢ such thatM ,(r,=0)=0. Thus, one would conclude, the
using Egs.(6.15 and (6.23 and is given byE=M apwm derivation is trivial and even the notion of a horizon mass
—M,=|P,|=1. (We are taking the YM coupling constant would seem questionable. This argument would be perfectly
gym=1.) valid had we postulated the equation M= kda,/8.
Finally, let us consider colored black holes. Each con-However, the nontrivial point here is that this equation

1(ra ~ o~
MgngM(rA)=Mg”g+§fo BO(T)dr. (8.4
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o : : of the horizon radius , for then=1,2 colored black holes.
black hole and to infinity, one can understand the nonzero
= value of the Hamiltonian as an indication that there is a po-
2 tentiality for instability of the solution. In static solutions
g [ i there is, of course, no radiation. Thus, to be precise, a posi-
= tive value of the energf means that, if we perturb slightly
r the initial data of alunstablé static solution in such a way
i ________________________________ that the total energy is “very close” t&, then the resulting
T3t . space-time will approach Schwarzschild in the future, and
a the total radiated energy to both infinity and the horizon will
g be equal toE. In conclusion, a necessary condition for the
= solution to be unstable is for the value of the total energy on
© T T e the solution in question to be positive.
€0 05 1 1.5 Let us conclude this section with four remarks.

Ty (1) In the computation of the horizon mass for the mag-
netically charged Abelian solution, we required that the func-
tion V vanish for the extremal black holes. Let us now mo-
tivate this choice. First, it is known that fary,=1 the n
colored black holes approach the Reissner-Nordstmoag-
netic solution(in a region around the horizon that expands
comes as a consequer(@d consistency requiremeritom  unboundly withn) whenn—«. Let us abuse notation for a
a Hamiltonian description respecting—physically moment and refer to these limiting solution as the=tc
motivated—boundary conditions. Therefore, even when theolored black hole.” From the numerical solutions reported
algebraic manipulations are simple, the final result is highlyin the literature one can notice that the horizon mméﬁe)
nontrivial. =M, —M tends to zero when— andr .1 from
We can now try to understand the physical meaning of theypove. Now, if we require continuity from above fibt, on
relation (8.4). Two facts are known about these solutions:the space’ of SSS solutions, we should require that
first, we know that for fixeda, these solutions represent
saddle points of the ADM mass functidm[23], and thus, as lim M{?=0. (8.5
one can expect, for all values of these solutions are un-
stable under small perturbatioh36]. Let us now note that
for the reported solutions in the literatufeee, for instance, But the horizon mass is given by1{”) = ka,/47+V and
[18]), the BK mass is a monotonic function of starting at x>0 asr,~>1 (since this corresponds to the extremal RN
M, ~0.828 and approaching 1 agrows(in standard nor- case. Thus, we conclude that—0 whenr —1.
malized unitg. The fact that the mass of the soliton, and (2) Let us now return to the puzzle that we posed in Sec.
therefore the total energy of the colored black holes, is posil: how can we reconcile the treatments of static solutions at
tive confirms our expectation, coming from energetic considinfinity and at the horizon? That is, when formulating the
erations, that in generdli”°=M, . Indeed, since the dif- first law, say, at infinity, we only have two free parameters
ference between the horizon and ADM masses can be seen gisen by the ADM mass and electric char@e,. However,
the energy that is available for radiation to fall both into theat the horizon we have three parameters, the horizon area

FIG. 2. The Hamiltonian horizon mass, and the total Hamil-
tonianH are shown as functions of the horizon radiusfor the
n=1,2 colored black holes.

FAH1+
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a,, the electric charg®,, and the magnetic charge, . It is intriguing to note that there seems to be a deep rela-
Now, Eq.(6.6) tells us that their respective variations dependtion between the existence of nontrivial solitons and hairy
only on the horizon area and electric charge, which seems tolack holes for which the charges are not independiest

be a contradiction. The proper setting of the problem againhe possible SSS solutions are restricted to a discrete set of
comes from the consistency of the Hamiltonian formulation.constant energy surfaces withil). The fact that the consis-
Recall that from Eq(6.7) we concluded that the magnetic tency requirement on the Hamiltonian formulation leads to
chargeP, is not free to vary at the horizon, but its variations the “nonstandard” Hamiltonian framework for these cases
are related to the variations of the horizon radiys This  [je. the foliation of phase space by treymplectio leaves
means that the allowed values B} andr lie in submani- 4, \which there is a truly Hamiltonian framewdrtogether
folds of codimension 1 embedded in the spAceThus, even it the constancy of the full Hamiltonian on stationary so-

when we can in .principlg have three independent par'amgte[ations can be regarded as explaining such relation. That is,
at the horizons, in practice when employing the Hamiltonian

: : - . on the intersection of each leave with the manifdidof
formulation, one is restricted to values of the magnetic_, _.. . L
charge that are determined by the horizon dweihin each stationary solutions, the full Hamiltonian is a constant. In the
family labeled byn). Thus, the variations of the parameters limit aﬁ?% on eall.(t:h Ie?_\;w(aprovutj.ed SLIJCh I'rtTr]]'t c:’:lm be ’t,a'lgan
both at the horizon and at infinity are consistent. This car'¢ Wi Tnd & Soliton. The motion along the "leave 1o
also be seen in the following way. The results of differentdetermines the mutual dependence of the isolated horizon

formalisms at infinity have shown that the ADM mass variesParameters. _ _ _
as[23,33 (3) It is now a general belief that the no-hair conjecture,

even in its weakest forif8,19], is violated for some systems.
1 One can thus hope that there be a uniqueness result for static
SMapu =g k2t P 6Qx, (8.6)  solutions in terms of quasilocal parameters at the horizon. In
Sec. VI we have put forward a “horizon parameters unique-

but since we know that, at a static solution, an arbitraryness conjecture” stating that all static BH solutions are char-
variation ¢ satisfiesSE= (M apy— M) =0, we have com- acterized by their horizons parameter§‘quasilocal
plete agreement with E6.6). charges’) in a unique way. In particular, it should be true
Now lets turn our view to the conflict that our complete- that, given the horizon area, and the horizon electric
ness conjectur€2 seems to face in view of the fact that the chargeQ, and magnetic charge, , the static solutions be
colored black hole solutions, with different valuemmfhave  uniquely determined. For instance, if we $@f, given an
different values of the Hamiltonian and the general argu-arbitrary value for the magnetic charde, €[0,1], there
ment, presented in Sec. VI, ensures tHatnust be constant might be no solution, but if there is a solution, it should be
over any submanifold of stati(stationary solutions. Thus, unique. The numerical evidence available supports the con-
this general argument would lead us to conclude thas jecture(see Fig. 3.
constant oveSS. The sollution pf the apparent paradox I_ies in (4) One other point already mentioned is the issue of the
the fact, already mentioned in Sec. VI, that the consstencgtab”ity test provided by this type of analysis: It is only

of the Hamiltonian formulation leads to a foliation of phasewhenMADM>MA in Eq. (6.19 that the solution can be un-

space by symplectic leaves over which the Hamiltonian for'stable. One very clear example of this is given by the mag-

r_nulatlon IS \./a“d' These Igavgs intersect the maquld of St@etic RN solution, which can be considered within both the
tionary configurations, which is embeddedZiH. The inter-

section results in hypersurfaces of constant value of theEinstein-MaxweII theory and the EYM theory. This solution

o yp . is stable within EM theory but unstable within EYM theory
Hamiltonian. In the case of SSS solutions each one of tho 7-39. We can now understand this situation in the follow-
corresponds to a single family labeled by a fixed valu@.of s wu IS situation | W

If we now restrict our consideration to the hypersurface with!N9 way: In th? former case the gauge conpecuon cannot be
Q=0, each of these families corresponds to a curve in th@!obally described through a gauge fiéld as it corresponds

(r5,Py,) plane. NamelyP, becomes a function af, rather toa nontrivial_ bundle. In this case one can ne_vertheless apply
than an independent parameter. This again is similar to whafe IH formalism through the use of the duality symmetry of
happens in the case of a rotating body, where the manifold d¥!axwell theory. This results in the appearance of a term
stationary states does not correspond to a single value of tHBmPx taking the place ofbQ, in Eg. (6.3, and as is well
Hamiltonian, but the intersection of a symplectic leave withknown the evaluation o as Mapy—M, (in this case
this manifold coincides with the curves of constant value ofH®=0 as there are no Abelian magnetically charged regu-
the Hamiltonian. Then, even when the spaci foliated by lar solitons givesE=0, thus accounting for the stability of

a “continuum” of leaves, the allowed Hamiltonian motions the solution. Let us look at what happens in EYM theory. In
are restricted to lie within each of these level surfaces of théhis case the solution can be described in terms of the gauge
HamiltonianH. This overall picture of the structure of the fields A, because it is associated with a trivial bundhéth
parameter space, is in fact, consistent with the situation itarger group and there is therefore no term of the form
EMD. In this case, there is only one “leave” and, thus, the® P, in Eq. (6.3. The P, dependence of the madg,
intersection with the manifold of static solutions has alsocomes througlv. As we have shown, the value Bffor this

only one leave; the value dfl is indeed constant on the solution is positive E=1), thus allowing for the instability
whole S (it is in fact zerg. of these solutions. Note that this same argument is valid also
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for dyons with both electric and unit magnetic chafgee  hole and soliton solutions; it should be possible to apply the
Egs. (6.249—(6.27)], and thus, it indicates a potential insta- type of analysis presented here to these theories where non-
bility of these solutions. trivial regular static solutions have been found. In particular,
Finally, let us conclude this remark by suggesting a “rule Einstein-Yang-Mills-Higgs,  Einstein-Yang-Mills-dilaton,
of thumb” for finding potentially unstable solutions, sug- and Einstein-Skyrme theories are examples in which there
gested by the EYM system. In the static family of solutions,are both solitonic and black hole solutions. In all these cases,
consider the limit y—0. We have three possibilitie§) We  formulas analogous to the EYM case can in principle be
arrive at a regular solution with zero energ§i.e.,  found by a straightforward application of the analysis carried
Minkowski). This indicates that the whole family, labeled by ot jn the last section. In particular, one should be able to to

ra, is stablg.(ii) There is a minimum aIIowe_d value of, compute the “total energy” of the “hairy” black holes to

corresponding to zero surface gravity. In this case, we cap,g; for a potential instability

not c_onclu_de any_thlng.m) In the I|r_n|t one finds a regular Second, one can use the very recent results of Ashtekar

solutlorrr; with positive energya soliton different Igrom the and collaborators who have been able to extend the isolated

vacuun). In this case, the whole family of solutiotigclud- . ) : !

ing the soliton is potentially unstable. It would be interest- \r/]vc()erlllzggfotf;?irr?ervgrritotr?sEg%uqrﬁféogii hs%r:)zuolgsb[ssa]\b?es to

ing to reexamine, from this perspective, ttemplete non- 9 o ' .

linean stability of the Einstein-Skyrme solitons and black use the formalism for 'dlstorted hprlzons in orde.r to study

holes[40]. colored black holes which are static but not spherically sym-
metric [31]. This analysis would be a first check for the
“quasilocal uniqueness conjectuf@l” that we have pro-

IX. DISCUSSION posed41]. The discussion of the preceding sections suggests
that by restricting our attention to nondistorted, nonrotating

lated horizon formalism to include the EYM system and hori;on; we were led to a consistent but “incomplete” for-
found that it leads to a “nonstandard” Hamiltonian formu- Malism in the EYM system; a complete treatméir., one
lation. The main feature of this formulation is that it provides Providing a canonical choice of “normalization” for all,
a foliation of phase space into symplectic leaves, in each (ﬁasgd on stationary solut|on§ which are contam.ed in the_for—
which we do get a standard Hamiltonian formulation. Themalism of EYM isolated horizons should be given within
framework nevertheless provides a powerful tool for studythe context of distorted and rotating isolated horizons
ing some classical aspects of the theory already at the statié5,35. It would be interesting to investigate this matter
level. In particular, we found an unexpected relation betweewnce Refs[25,35 are made public.
the the ADM mass of a static spherically symmetric black Finally, the present analysis shows that the so-called col-
hole solution, its horizon mass, and the ADM mass of theored black hole solutions provide a nontrivial testing ground
corresponding solitonic solution. These relationships werdor the approach of1] to evaluate the statistical mechanical
checked numerically in terms of the known numerical resultentropy of black holes. In particular it is known that by se-
obtained in the process of finding those solutions and thugcting the valuey= In 2/(wr\/3) for the Immirzi parametey
the agreement can be seen as a check on the whole formavhich amounts to selecting one among a continuous choice
ism. of unitarily inequivalent quantum theories corresponding to
An apparent tension and a challenge for the formalism arghe same classical thegrythe standard resu=A/412 is
given by the existence of hairy solutions, where the numbepptained for the Einstein vacuum and Einstein-Maxwell
of charges at infinity and at the horizon do not coincide. Wegases. It is worth pointing out that this choice can be made
have been able to pinpoint the problem in a precise waynly once and that it is conceivable that say that the choice
using the isolated horizon formalism. This involves theneeded in the case of Einstein-Maxwell black holes might
analySiS of the COﬂSiStency of the Hamiltonian formulationhave been different than the choice needed for pure gravity
and the nature of the first law. We have encountered dlffl'b|ack holes. Now, it would be of interest to check whether
culties in defining a canonical normalization for the vedfor these results are also valid when non-Abelian gauge fields
and, thus, for the horizon mass in general. We have proposegte present.
possible resolutions for this difficulty. Motivated by all these
results and in order to have a satisfactory treatment of the
EYM system vyithin the framework, we have put forward a ACKNOWLEDGMENTS
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