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Einstein-Yang-Mills isolated horizons: Phase space, mechanics, hair, and conjectures
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The concept of an ‘‘isolated horizon’’ has been recently used to provide a full Hamiltonian treatment of
black holes. It has been applied successfully to the cases ofnonrotating, nondistortedblack holes in the
Einstein vacuum, Einstein-Maxwell, and Einstein-Maxwell-dilaton theories. In this paper, the extent to which
the framework can be generalized to the case of non-Abelian gauge theories is investigated in which ‘‘hairy
black holes’’ are known to exist. It is found that this extension is indeed possible, despite the fact that, in
general, there is no ‘‘canonical normalization’’ yielding a preferred horizon mass. In particular the zeroth and
first laws are established for all normalizations. Colored static spherically symmetric black hole solutions to the
Einstein-Yang-Mills equations are considered from this perspective. A canonical formula for the horizon mass
of such black holes is found. This analysis is used to obtain nontrivial relations between the masses of the
colored black holes and the regular solitonic solutions in Einstein-Yang-Mills theory. A general testing bed for
the instability of hairy black holes in general nonlinear theories is suggested. As an example, the embedded
Abelian magnetic solutions are considered. It is shown that, within this framework, the total energy is also
positive and thus the solutions are potentially unstable. Finally, it is discussed which elements would be needed
to place the isolated horizon framework for Einstein-Yang-Mills theory on the same footing as the previously
analyzed cases. Motivated by these considerations and using the fact that the isolated horizon framework seems
to be the appropriate language to state uniqueness and completeness conjectures for the EYM equations, in
terms of the horizon charges, two such conjectures are put forward.

PACS number~s!: 04.70.Bw, 04.20.Fy, 04.20.Jb
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I. INTRODUCTION

The nonperturbative quantum geometry program, a
known as ‘‘loop quantum gravity,’’ has met recently wit
substantial success in obtaining a calculation of the statis
mechanical entropy of a nonrotating black hole that accou
for its phenomenological identification with14 A @1#. In so
doing it was necessary to introduce a complete class
Hamiltonian treatment of black holes~BH’s!. This was ac-
complished by generalizing and properly defining the sec
of the theory that is going to be treated. This work w
guided by the need to start with a well-defined action t
would be differentiable in the sector under considerati
This led those authors to the specialization of the notion
the trapping horizons@2# of Hayward to that of ‘‘isolated
horizons.’’ Physically the idea is to represent ‘‘horizons
internal equilibrium and decoupled from what is outside.’

The zeroth and first laws of black hole mechanics refe
equilibrium situations and small departures therefro
Therefore, in the standard treatments@3–8# one restricts one-
self to stationary space-times admitting event horizons
perturbations off such space-times. The isolated horizon~IH!
framework, which is tailored to more general physical situ
tions, was introduced in@9# and the corresponding zeroth an
first laws of black hole mechanics were established@10–12#.
This framework generalizes the treatment of black hole m
chanics in two directions. First, the notion of event horizo
is replaced by that of ‘‘isolated horizons,’’ which can b
defined quasilocally, unlike the former which can only
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defined retroactively, after having access to the entire sp
time history. Second, the underlying space-time need not
mit any Killing field; isolated horizons need not be Killin
horizons. The static event horizons normally used in bla
hole mechanics@3–5# are special cases of isolated horizon
Moreover, because one can now admit gravitational and m
ter radiation, there are many more examples. In particu
while the manifoldS of static space-times admitting eve
horizons in the Einstein-Maxwell~EM! theory is, finite di-
mensional, the manifoldIH of space-times admitting iso
lated horizons isinfinite dimensional@11#.

The resulting formalism is, then, not only a step in t
construction of the quantum theory for the sector but als
new tool for studying classical aspects of black holes. Wh
restricted to the static sector of the theory, it leads, for
ample, to an improvement in the treatment of the physi
process version of the first law of black hole mechan
@10,11#. The formalism has so far only been applied to t
Einstein-Maxwell system~with and without dilaton field!, of
which the known exact solutions@the Reissner Nordstro¨m
~RN! solutions in EM and the so called Gibbons-Maeda
lutions in Einstein-Maxwell-dilaton~EMD! theory# are par-
ticular examples.

In this work we will explore the extent to which this for
malism can be extended to the Einstein-Yang-Mills theo
where, in the static spherically symmetric sector, one fin
the so-called colored black hole solutions@13–15#. The mo-
tivation is manyfold. First, we are interested in studying t
robustness of the isolated horizons formalism in its ability
treat other theories, especially those where ‘hairy’ solutio
are know to exist. From the isolated horizons perspect
this poses a special challenge, since now there is an app
tension given by the mismatch between the number of c
©2000 The American Physical Society46-1
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served charges at infinity and at the horizon. In the colo
black hole solutions, the only nonzero ‘‘charge’’ at infinity
the Arnowitt-Deser-Misner~ADM ! mass, but the gauge fiel
is nonvanishing at the horizon and it contributes to the ‘‘h
rizon magnetic charge.’’ Is the isolated horizon framewo
robust enough to deal with this situation and to resolve
tension? Second, we would like to know whether the gen
formalism allows us to learn new facts about the sta
spherically symmetric~SSS! solutions. In particular, we wan
to understand what differences, if any, appear when we t
static but unstable black hole solutions, which is the case
the Abelian magnetic solutions and the highern colored
black holes. Finally, we want to investigate whether the f
malism can—as can be expected given the fact that it yie
a satisfactory treatment of the inner boundary in Hamilton
terms—allow us to take the limit when the horizon area g
to zero and connect the black hole solutions with the regu
solitonic, solutions that are known to also exist in this theo

We will in fact find answers to all of these questions a
puzzles. We find, however, some subtleties that need to
stressed. In particular, the fact that there are no spheric
symmetric solutions for some values of the horizon para
eters poses a challenge to the isolated horizon framew
since there seems to be no canonical value for the hor
mass of the black hole in this situation. Thus, if the Einste
Yang-Mills ~EYM! system is to be in the same ‘‘status’’ a
the Einstein-Maxwell system, some yet unknown part of
current scenario would have to yield to the tension m
tioned above. The most natural resolution would entail
validity of a ‘‘uniqueness conjecture’’ for static solution
and a ‘‘completeness conjecture’’ for the existence of s
tionary solutions, which we will put forward. Their validit
would guarantee the complete consistency of the formali

On the other hand, we will show some new results rega
ing SSS solutions as a nontrivial ‘‘application’’ of the fo
malism as it allows us to predict a relation between the AD
mass of a static black hole solution, its horizon mass, and
ADM mass of the corresponding solitonic solutions. The
relations can be corroborated by numerical computati
~consistent with the reported results in the literature!. There-
fore, these ‘‘coincidences’’ can be viewed, in a sense, a
check on the formalism.

This paper is organized as follows. In Sec. II, we rec
some basic facts about the EYM system and about
known SSS solutions, both Abelian and non-Abelian. In S
III we specify the isolated horizon boundary conditions th
we impose, making the necessary adjustments to incorpo
non-Abelian gauge fields. Section IV deals with the act
principle of the theory in the presence of the horizon as
inner boundary and the specification of the phase spac
the theory. In Sec. V we consider the definition of surfa
gravity in the absence of a Killing field and we show t
zeroth law of BH mechanics for general isolated horizo
The definition of horizon mass and the first law are studied
Sec. VI. Section VII is devoted to the completeness con
ture and some of its implication for stationary solutions.
Sec. VIII, we return to the study of static spherically sym
metric solution to the EYM equations from the perspect
of isolated black holes, and show some new results. Fina
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we end with a discussion in Sec. IX.
Throughout the paper, we use units in whichc5G51

and the abstract index notation of Penrose~see Ref.@16#!,
except in Sec. VI where we use differential forms.

II. EINSTEIN-YANG-MILLS AND STATIC BLACK HOLES

This section has two parts. In the first one, we recall so
basic facts about the Einstein-Yang-Mills system. In the s
ond part, we briefly review the static spherically symmet
solutions to the EYM equations focusing on black hole s
lutions.

A. Einstein-Yang-Mills system

In the Einstein-Yang-Mills system, the gravitational pa
of the action,Sgrav is given by

Sgrav52
1

16pEM
A2gRd4x, ~2.1!

and the matter part of the action is given by

SYM~A!52
1

16pgYM
2 E

M
A2g@Fab

i Fi
ab#d4x, ~2.2!

where the abstract indicesa,b, . . . denote space-time ob
jects and the indicesi , j , . . . are internal indices in the Lie
algebra of the gauge groupG. In this paper we shall conside
G5SU(2). The field strength Fab is given by Fab

i

52¹ [aAb]
i 1e i

jkAa
j Ab

k , that is, the curvature of the Lie
algebra-valued one-formAa

i . The total actionStot is given by

Stot5Sgrav1SYM . ~2.3!

We remind the reader that in the case of a non-Abel
Yang-Mills theory there is dimension-full parametergYM
that, unlike the Abelian case, cannot be absorbed in
‘‘gauge’’ fields. This endows the full theory with a natura
scale at the classical level; i.e.,gYM

2 has dimensions of mass
The equations of motion that follow fromStot are

DaFiab50, ~2.4!

Rab52S Fac
i Fib

c 2
1

4
gabF

2D , ~2.5!

whereF25Fab
i Fi

ab , andDa is the generalized covariant de
rivative defined byA. Furthermore, we have the Bianch
identity for the Yang-Mills sector:

D [cFab]
i 50. ~2.6!

The dual field tensor is given by* Fab
i 5 1

2 eab
cdFcd

i , where
eabcd is the canonical volume element associated withgab .

Note that in contrast with the Einstein-Maxwell system
where, under appropriate falloff conditions, the conserv
electric and magnetic charges can be defined at infinity,
naive expression,
6-2
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Q̂i
ª

1

4p R
S`

* Fi , P̂i
ª

1

4p R
S`

Fi ~2.7!

fail to be gauge invariant. It is only in the presence of
globally defined isometry that the conserved charges m
be invariantly defined~i.e., a natural gauge might be chose!.
We can nevertheless define new gauge invariant quanti
for any two-sphereS as follows:

QSª
1

4p R
S
u * Fu, PSª

1

4p R
S
uFu, ~2.8!

whereuFuab is the two-form defined in the following way: w
takeeab the area two-form associated with the two-spherS
and definef i5Fab

i eab. Then uFuab5A(( f i)2eab . u * Fuab is
analogously defined. In what follows, we shall refer toQS
and PS as the electric and magnetic charge contain
‘‘within’’ S, respectively.

B. Static solutions

Static spherically symmetric solutions to the EYM equ
tions representing black hole space-times are known to e
in different situations~for a recent review see@17# and ref-
erences therein!.

A standard parametrization for the metric and gauge
tential is given by

ds252S 12
2m~r !

r De22d(r )dt21S 12
2m~r !

r D 21

dr 2

1r 2dV2, ~2.9!

A5at3dt1bt3dr 1~wt11dt2!du

1~cotut31wt22dt1!sinudf, ~2.10!

wherea,b,w, andd are functions of (r ,t).
One can then look for either static regular solutions

requiringm(r ),r /2 for all r>0 @18# or for static black hole
solutions with horizon atr 5r H by requiring m(r H)5r H/2
andm(r ),r /2 for all r>r H @14,15#. Solutions of both types
are found in the purely magnetic sector, for which, with
further gauge choice, one can seta5b5d50, andw be-
comes a function ofr only.

The regular or solitonic solutions compose a discrete
parametrized by the number of nodes of the functionw(r )
and are characterized by their ADM mass whose scale is
by gYM

2 @19#.
On the other hand, for every value ofr H , one finds also

two classes of black hole solutions: Abelian and no
Abelian.

1. Abelian solutions

The first class of solutions is given by what are essenti
Abelian solutions embedded in SU~2!. Within the Abelian
sector we have either electrically charged or magnetic
charged solutions. Unlike Einstein-Maxwell theory whe
04404
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the well-known Maxwell duality exists, in EYM theory ther
is no such duality and one is not allowed to treat them
‘‘equal footing.’’

The electrically charged solutions with electric chargeQ
are given by the standard solutions that can be describe
choosingaÞ0 andb5d5w50 in Eq. ~2.10!. The YM po-
tential is of the formA5(Q/r )t3dt and the metric is given
by Eq. ~2.9! with the functionsm(r )5M2(Q2)/2r and d
50. Note that these represent a two-parameter family
‘‘RN solutions’’ with parametersM andQ.

The magnetically charged solutions with magnetic cha
P are precisely the Reissner-Nordstro¨m solutions given by
w50, m(r )5M2(P2)/2r , andd50. Since we are consid
ering the Abelian case, the magnetic chargeP is not arbitrary
but can take only one valueP51. Note that the YM field
strength, in the ‘‘magnetic’’ sector of the EYM theory take
the form

F5w8t1dr `du1w8t2 sinudr `df

2~12w2!t3 sinudu`df. ~2.11!

Thus, for the RN solutions wherew50, we get from Eq.
~2.11! that P51 for any sphere containing the black hol
The magnetically charged solutions are then parametrize
only one charge, namely, the ADM massM.

These two sectors share theQ5P50 solution corre-
sponding to the Schwarzschild solution. One can also c
struct dyonic solutions with both electric chargeQ and unit
magnetic charge. In all these solutions, one has to satisfy
inequalityr H

2 >Q21P2, in order to have black hole solution
with no naked singularities.

2. Non-Abelian colored black holes

These solutions correspond to the purely magnetic c
where for each value of the horizon area the equations h
a discrete number of solutions which are strictly non-Abel
in nature~i.e., do not exit in the Abelian regime!. These are
labeled by an integern that represents the number of nod
of the functionw(r ). The lowest moden50 represents the
Schwarzschild solution. Therefore, the solution can be co
pletely parametrized by two numbers (aD ,n), the horizon
area and the integern. All these solutions, forn.0, are
unstable under perturbations@36#.

On the other hand, it is known that there are no nontriv
dyonic solutions~i.e., solutions with electric and magnet
fields! in the spherically symmetric sector@20#.

From a historical perspective, these were the first
amples of ‘‘hairy black holes’’@13–15#. This is because the
electric and magnetic charges~2.7! are both zero, so the only
parameter at infinity is the ADM mass. If the no-hair conje
ture were valid for the EYM system, the specification
MADM would suffice to characterize the solution complete
However, this is not the case, since for a given value of
ADM mass, there exist a countable number ofdifferent so-
lutions, labeled byn. Equivalently we can label these solu
tions by the ADM massMADM andn.

Even when the charges at infinity are not enough
specify static black holes uniquely, one might still hope
6-3
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have quasilocal quantities defined at the horizon that are,
sense, good coordinates for the manifoldS of static solu-
tions. Indeed, we shall put forward in the following sectio
a ‘‘quasilocal uniqueness conjecture’’ (C1): All static BH
solutions are characterized by its horizon parameters aris
from the ‘‘isolated horizon’’ framework. Let us refer to these
quantities defined at the horizon as ‘‘quasilocal paramete
In theories where no hair is present, as is the case of
Einstein-Maxwell-dilaton system, the number of ‘‘quasiloc
parameters’’ equals the number of parameters at infinity
beling the static solutions@12#. Thus, stating a uniquenes
conjecture in this theory is insensitive as to whether one
postulating it in terms of quantities at infinity~the standard
viewpoint! or in terms of ‘‘quasilocal charges.’’ Our pro
posal is that, for general theories, one should state the
tulate in terms of purely quasilocal quantities. In the EY
system, the quasilocal charges areaD , the horizon area, and
QD and PD , the horizon electric and magnetic charges,
spectively. In this case the first conjectureC1 reads: Given a
triple of parameters (aD ,QD ,PD) for which a SSS solutions
exists, then the solution is unique. However, note an ap
ent tension in this suggestion: Given the mismatch of
number of parameters at the horizon and at infinity, ther
room for inconsistency when formulating, say, the laws
thermodynamics. This is because the number of ‘‘indep
dent’’ parameters is different, when one considers charge
infinity or quasilocal parameters for, say, SSS colored so
tions. As we shall see in Sec. VI, the nature of the probl
can be made precise within the isolated horizon framewo
and some ideas can be put forward to understand the o
of the difficulty.

For the convenience of the reader, in the next section
shall recall the notion of isolated horizons as defined
@9,11,12# and explore some of its consequences for EY
system of interest to this paper.

III. BOUNDARY CONDITIONS AND CONSEQUENCES

Let us recall the notion of isolated horizonsD in general,
and include in its definition the relevant modifications
incorporate the Einstein-Yang-Mills system. The ba
boundary conditions definingD are the same as those intr
duced in@12#.

Let us begin by recalling some notation. Fix any n
surfaceN, topologicallyS23R, and consider foliations ofN
by families of spatial two-spheres. Given a foliation, we p
rametrize its leaves byv5const such thatv increases to the
future and set na52¹av. Under a reparametrizatio
v°F(v), we havena°F8(v)na with F8(v).0. Thus, ev-
ery foliation comes equipped with an equivalence class@na#
of normalsna related by rescalings which are constant
each leaf.1 Also recall that, given any onena , we can

1These one-form fieldsna are defined intrinsically onN. We can
extend eachna to the full space-time uniquely by demanding th
the extended one-form be null. However, in this paper, we will
need this extension.
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uniquely select a vector fieldl a which is normal toN and
satisfies l ana521. ~Thus, l a is future pointing.! If we
change the parametrization, l a transforms via
l a°@F8(v)#21l a. Thus, given a foliation, we acquire a
equivalence class@ l a,na# of pairs (l a,na) of vector fields and
one-forms on N subject to the relation (l a,na)
;(G21l a,Gna), where G is any positive function onN
which is constant on each leaf of the foliation. Given a p
( l a,na) in the equivalence class, we introduce a comp
vector fieldma on N, tangential to each leaf in the foliation
such thatmam̄a51. ~By construction,mal a5mana50 on
N.) The vector fieldma is unique up to a phase factor. Wit
this structure at hand, we now look at the main definition

Definition: The internal boundaryD of a space-time
(M ,gab) will be said to representa nonrotating isolated ho-
rizon provided the following conditions hold.2

~i! Manifold conditions:D is a null surface, topologically
S23R.

~ii ! Dynamical conditions:All field equations hold atD.
~iii ! Main conditions:D admits a foliation such that the

Newman-Penrose coefficients associated with the co
sponding direction fields@ l a,na# on D satisfy the following
conditions:

~iiia! r=2m̄amb¹al b , the expansion of@ l a#, vanishes on
D.

~iiib ! l=m̄am̄b¹anb andp= l am̄b¹anb vanish onD and
the expansionmªmam̄b¹anb of na is negative3 and constant
on each leaf of the foliation.

~iv! Conditions on matter:The Yang-Mills fieldF is such
that

uRef1u, and uIm f1u ~3.1!

are constant on each leaf of the foliation introduced in c

dition ~iii ! @Recall that f1
i = 1

2 mam̄b(F2 i !F)ab
i ], where

uRef1uªA( i(Ref1
i )(Ref1

i ), and uIm f1u is analogously
defined.

The first two conditions are quite tame:~i! simply asks
that D be null and have appropriate topology while~ii ! is
completely analogous to the dynamical condition imposed
infinity. As the terminology suggests,~iiia! and~iiib ! are the
most important conditions. Note first that, if a pair (l a,na) in
the equivalence class@ l a,na# associated with the foliation
satisfies these conditions, so does any other p
„@G(v)#21l a,G(V)na…. Thus, the conditions are well de
fined. They are motivated by the following consideration
Condition~iiia! captures the idea that the horizon is isolat
without having to refer to a Killing field. In particular, i

t

2Throughout this paper, the symbol= will denote equality at
points ofD. For fields defined throughout space-time, an unde
row will denote pullback toD. The part of the Newman-Penros
framework@21# used in this paper is summarized in the Appendix
A and B of @11#.

3For simplicity, in this paper we focus on black-hole-type ho
zons rather than cosmological ones. To incorporate interesting
mological horizons, one has to weaken this condition and allow
possibility thatm is everywhere positive onD. See@11#.
6-4



io

e

t

e
,

th

ti-

no
o
he
m
ld

ce

s
i-
r

ua

.’
ra

ve

an-
ave

nts

ese
rva-
t
on

u-
we

es at
at

t
s.
th

en-
ori-

ria-

ather
ed in
ng
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implies that the area of each two-sphere leaf in the foliat
is the same. We will denote this area byaD and define the
horizon radius rD via aD54pr D

2 .
Condition ~iiib ! has three sets of implications. First, on

can show that if, as required, one can find a foliation ofD
satisfying~iiib !, that foliation isunique. ~In the SSS family,
as one might expect, this condition selects the foliation
which the rotational Killing fields are tangential.! Second, it
implies that the imaginary part of~the Newman-Penros
Weyl component! C2, which captures angular momentum
vanishes and thus restricts us tononrotatinghorizons. Third,
the requirement that the expansionm of na be negative im-
plies thatD is a future horizon rather thanpasthorizon @2#.
Finally, consider the spherical symmetry requirement on
Yang-Mills field componentf1

i given by condition ~iv!.
While this condition is a strong restriction, it can be mo
vated by analogy with the Einstein-Maxwell case.~For fur-
ther motivation and remarks on these conditions, see@9,11#.!

Since these conditions arelocal to D, the notion of an
isolated horizon is quasilocal; in particular, one does
need an entire space-time history to locate an isolated h
zon. Furthermore, the boundary conditions allow for t
presence of radiation in the exterior region; thus, space-ti
admitting isolated horizons need not admit any Killing fie
@22#. Indeed, the manifoldIH of solutions to field equations
admitting isolated horizons is infinite dimensional@11#.

In spite of this generality, boundary conditions pla
strong restrictions on the structure of various fieldsat D. Let
us begin with conditions on the Yang-Mills field. The stres
energy tensorTab of F satisfies the dominant energy cond
tion. Hence, onD, 2Tabl

b is a future-directed, causal vecto
field. Now, using the Raychaudhuri equation and field eq
tionsat D @condition~ii ! of the main definition#, we conclude
Tabl

al b=0. By expanding out this expression@see Eq~2.5!#
we obtain

Fab
i =f1

i 2~ l [anb]2m[am̄b] !1f2
i 2~m[al b] !1c.c.,

~3.2!

for somecomplex-algebra-valued functionsf1
i and f2

i ~the
only nonvanishing Newman-Penrose components ofFab

i ) on
D, where c.c. stands for the ‘‘complex conjugate term
These equations say that there is no flux of Yang-Mills
diation acrossD. Finally, condition~iv! in the main defini-
tion implies

uRef1u=
2p

aD
QD , uIm f1u=

2p

aD
PD , ~3.3!

whereQD is the electric charge andPD the magnetic charge
at the horizon as defined by Eq.~2.8!. Thus the boundary
conditions severely restrict the form of matter fields atD.
The componentf0

i 52 l ambFab
i of the YM field vanishes

and the gauge-invariant components off1
i are completely

determined by the electric and magnetic charges. Howe
the componentf2

i of the YM field is unconstrained.
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Restrictions imposed on space-time curvature atD are
essentially the same as in Ref@11#.4 Results relevant to this
paper can be summarized as follows. In the Newm
Penrose notation, for the Ricci tensor components, we h

F005
1

2
Rabl

al b=0, F015
1

2
Rabl

amb=0,

F115
1

4
Rab~ l anb1mam̄b!=8p2

~QD
2 1PD

2 !

aD
2

,

R=0, ~3.4!

whereR is the scalar curvature. The Weyl tensor compone
satisfy

C05Cabcdl
ambl cmd=0, C15Cabcdl

ambl cnd=0,

C25Cabcdl
ambm̄cnd=F112

2p

aD
. ~3.5!

Furthermore,

C3=F21, that is, Cabcdl
anbm̄cnd=

1

2
Rabm̄

anb.

~3.6!

As expected, for the SSS solutions discussed in Sec. II, th
conditions are satisfied. We note that even when the cu
ture componentsC2 and F11 are the only ones differen
from zero in SSS solutions, for a general isolated horiz
other curvature components~such asC3 and C4) may be
‘‘dynamical,’’ i.e., vary along the integral curves ofl.

In the Einstein-Maxwell-dilaton system@12#, we have a
set of parameters (aD ,QD ,PD ,fD) at the horizon~and the
same number at infinity!, and those parameters were nat
rally selected as the horizon parameters. In the EYM case
have seen that we can define electric and magnetic charg
the horizon (QD ,PD). The boundary conditions ensure th
these quantities are constant along the horizonD ~and explic-
itly gauge invariant!. Thus, it is natural to use the triple
aD ,QD ,PD to parametrize general EYM isolated horizon
Let us denote byL the space of horizon parameters wi
coordinates (aD ,QD ,PD), with the following restrictions:
aD.4p(QD

2 1PD
2 ) andQD ,PDP@0,̀ ).

IV. ACTION AND PHASE SPACE

The gravitational action has been shown to be differ
tiable, with respect to variations respecting the isolated h
zon boundary conditions, in@9,11#. We refer the reader to
those papers for details. One important property of the va

4This is because these restrictions were obtained assuming r
general conditions on the matter stress-energy which are satisfi
EYM theory. The derivation of some of these results involves lo
calculations and a topological result on the Chern class of the SO~2!

connection associated with the dyad (m,m̄). See@11#.
6-5
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tional principle is that one is varying, in the pure gravit
tional case, histories with a fixed valueaD

0 of the horizon
area. We also need to ensure that the matter action is di
entiable and work out the Hamiltonian framework for t
matter sector as well. This could require imposition of ad
tional boundary conditions on matter fields, but as we w
see, the conditions already imposed on matter, describe
Sec. III, will be enough. The purpose of this section is co
centrate on the variational principle for the Yang-Mills fie
and work out the Hamiltonian description.

Since we require that field equations hold onD, the gravi-
tational boundary conditions already imply certain restr
tions on the behavior of YM fields there. As noted in Sec.
boundary conditions imply that several components of
Ricci tensor vanish onD, and that the curvature tensorF has
the form ~3.2!. In particular uRe(f1)u and uIm(f1)u are
spherically symmetric on the preferred cross sections. In
case,uf1u can be expressed in terms of the electric and m
netic chargesQD andPD of the isolated horizon:

Q:=2
1

4p R
Sv

u * Fu=
1

2p R
S
uRef1u 2e, ~4.1!

P:=2
1

4p R
Sv

uFu=
1

2p R
Sv

uIm f1u 2e.

~4.2!

@HereSv are the two-spheresv5const in the preferred folia
tion. The minus signs in front of the first integrals in Eq
~4.1! and ~4.2! arise because we have orientedSv such that
the radial normal is in going rather than outgoing.#

Let us now discuss the action principle. For the sa
reasons that the areaaD is kept fixed in the variational prin
ciple, we will now restrict ourselves to histories for whic
the values of electric and magnetic charges on the hor
are fixed toQD

0 and PD
0 , respectively. To make the actio

principle well defined, we need to impose suitable bound
conditions on the YM fields. Conditions at infinity are th
standard ones given in@23#. To find boundary conditions on
D, let us consider the standard YM bulk action

SYM52
1

16pEM
A2gFab

i Fi
abd4x. ~4.3!

Variation of SYM yields

d~SYM !52
1

4pEM
~DaFabi!dA iA2gd4x

1
1

4pE]M
dA[a

i * Fbc]
i h̃abcd3x. ~4.4!

As usual, the bulk term provides the equations of mot
provided the surface term vanishes. The boundary term~4.4!
at infinity is the usual one and is dealt with in the stand
manner@23#. When evaluated at the horizon, the bounda
term ~4.4! does not automatically vanish. OnD, the bound-
ary term in Eq.~4.4! can be written as
04404
r-

-
l
in
-

-
,
e

at
-

.

e

n

y

n

d
y

3

4pED
dAa

i * Fibcl
[ch̃ab]dvd2x. ~4.5!

Now, Eq.~3.2! implies that onD the pullback ofFab
i l b van-

ishes. Then, the horizon contribution reduces to

E dv R
Sv

d~A ial a! * Fab
i h̃abd2x, ~4.6!

where, as before,v is the affine parameter~with respect to
the horizon metric! along the integral curves ofl a such that
v5const defines the preferred foliation ofD andSv are the
two-spheres in this foliation. Now, since isolated horizo
are to be thought of as ‘‘nondynamical,’’ it is natural to a
that the gauge fieldAa

i be invariant under the action ofl. This
is equivalent to asking thatLlA

ª
a
i =D

Q
aV l

i be satisfied@24# for
V l

i the gauge generator. This condition is naturally satisfi
since the pullback ofFab

i l b to the horizonD vanishes. Fur-
thermore, the form of the boundary term~4.6! suggests that
we fix the gauge so that (A i

• l )ªAa
i l a is proportional to

Re(f1
i ), that is, (A i

• l )5c Re(f1
i ) for c a constant on our

space of histories.5 The norm of (A i
• l ), as we shall see in

following sections, is determined by the consistency of
Hamiltonian formalism~and will take its standard value in
the static solutions, when they exist!. Then the boundary
term ~4.6! arising in the variation of the action vanishes; i.e
the bulk action itself is differentiable and the action princip
is well-defined. Note that the permissible gauge transform
tions are now restricted: IfAa°Aa1Daf , the generating
‘‘function’’ f i has to satisfyl aDaf i=0 on D ~as well as
satisfy standard falloff conditions at infinity!.

Let us now provide a summary of the structure of t
phase space of Yang-Mills fields. Fix a foliation ofM by a
family of spacelike three-surfacesMt ~level surfaces of a
time function t) which intersectD in the preferred two-
spheres. Fix a normalization for the vector fieldl a. Denote
by ta a ‘‘time-evolution’’ vector field which is not tangentia
to the foliation with affine parametert which tends to a unit
time translation at infinity and to the vector fieldl a on D.
The canonical conjugate moment is given by

P̃i
a5

Ah

4p
hacnbFibc , ~4.7!

wherehab is the intrinsic metric onMt induced fromgab ,
andna is the normal toMt . In terms of the lapse and shif
fieldsN andNa defined byta, the Legendre transform of th
action yields

5This gauge condition was independently found by Ashtek
Fairhurst, and Krishnan in the more general context ofdistorted
horizons@25#. We thank S. Fairhurst for communicating their r
sults prior to publication.
6-6
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SEM5
1

4pE dtE
Mt

d3xS P̃i
a¹a~A i

• l !2NdFad
i P̃ia

1
N

2Ah
habP̃iaP̃i

b1
N

2
AhFi

abFab
i D , ~4.8!

where the two-formEiab is the pullback toM of * Fiab ,
~* !Ea

i
ª

1
2 ea

bcEbc
i , and ~* !Fa

i
ª

1
2 ea

bcFbc
i , with eabc the vol-

ume form defined byhab . The two-formEab
i is related to the

canonically conjugate moment as follows:Eab
i

5(1/4p)h
> abcP̃

ic.
Thus, as usual, the phase space consists of p

(Aa
i ,Eabi) on the three-manifoldMt , subject to boundary

conditions, where the connectionAa
i is now the pullback to

Mt of the Yang-Mills four-potential and the two-formEab
i is

the dual of the electric field vector density. These fields
subject to boundary conditions. On any horizon two-sph
Sv , condition~iv! must hold, ensuring that the pullbacks
uFuab and uEuab are spherically symmetric.6 @Since (A i

• l )
appears as a Legendre multiplier in Eq.~4.8!, it is not part of
the phase space variables atD.] At infinity, Aa

i ,Eiab are
subject to the appropriate boundary conditions that ens
asymptotic flatness of the metric and are general enoug
include the nontrivial EYM solutions mentioned in Sec. I
The conditions for the YM sector are@23#

Aa
i 5Aa

i ~u,f!/r 1o~r 21!, Fab
i 5Fab

i ~u,f!/r 21o~r 22!.
~4.9!

The symplectic structure on this YM sector of phase sp
can be read off from Eq.~4.8!:

Vu(A,E)~d1 ,d2!5
1

4pEM
@d1Ẽi

ad2Aa
i 2d2Ẽi

ad1Aa
i #.

~4.10!

~The asymptotic conditions ensure that the integrals c
verge.! As usual, there is one first class constraintD [aEbc]

i

50 which generates gauge transformations: Under the
nonical transformation generated by* f iD [aEbc]

i h̃abcd3x, the
canonical fields transform, as usual, viaAa

i °Aa
i 1Daf i and

Eiab ‘‘rotates.’’ Note that our boundary conditions allow th
generating functionf i to be nontrivial on the~intersection of
Mt with! D; the smeared constraint function is still differe
tiable. Thus, as in the gravitational case, the gauge degre
freedom donot become physical in this framework.

Let us summarize. By imposing a set of boundary con
tions on the horizon, to be satisfied byall histories in the
variational principle, we arrived at the phase space of EY
isolated horizonsIH0. This phase space can be seen as
~gauge equivalence class of! solutions to the equations o
motion with constant and fixed quasilocal parametersaD

0 ,
QD

0 , andPD
0 . For the purpose of the variational principle~in

6At the horizonD, the natural parameterv and the ‘‘time’’ pa-
rametert coincide.
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the sense that is well defined and yields the correct equa
of motion!, it is enough to consider configurations with fixe
values of the horizon parameters. However, as we shall
in the following sections, when considering the Hamiltoni
formulation—essential for the formulation of the first law—
one needs to extend the space of isolated horizons fromIH0
to IH, whereall possible values of the quasilocal paramet
are considered@11#.

V. SURFACE GRAVITY AND THE ZEROTH LAW

In each SSS solution there is a unique time-translatio
Killing field ta which is unity at infinity. As usual, the sur
face gravitykSSSis defined in terms of its acceleration at th
horizon: ta¹atb=kSSSt

b. Unlike the Einstein-Maxwell-
dilaton theory where knowledge of the exact solutions allo
us to writek in terms of the parameters of the solutions, f
the YM field we do not have a closed form fork. The only
expression we have at our disposal is the general form
found by Visser for SSS space-times of the form~2.9!, inde-
pendently of the matter content of the theory, given by
expression@26#

kSSS5
1

2r h
e2d(r h)@122m8~r h!#. ~5.1!

From the perspective of the isolated horizon framework,k is
the acceleration of the properly normalized null normall a to
D @10,11#. In the SSS solutions,D happens to be a Killing
horizon and we can select a unique vector fieldl a from the
the equivalence class@ l a# simply by settingl a=ta. Then
kSSS is the acceleration of this specificl a. In the case of
general isolated horizons, the challenge is to find a presc
tion to single out a preferredl a, without reference to any
Killing field. The strategy we would like to adopt has tw
steps and is motivated by the one used for isolated horiz
in dilaton gravity@12#. However, as we shall see below, w
will encounter some difficulties which make the EYM ca
more subtle than the systems previously studied.

In the first step, we will normalizel a only up to a con-
stant, leaving a rescaling freedoml a° l 8a5cla, wherec is a
constant onD but may depend on the parametersr D ,QD ,PD

of the isolated horizon. For each suchl a, we can define the
surface gravityk l relative to that la via l a¹al b=k l l

b. Re-
scaling of l a now induces a ‘‘gauge transformation’’ ink:
k l°k l 85ck l . ~Recall that in the general Newman-Penro
framework,k is a connection component and therefore u
dergoes the standard gauge transformations under a ch
of the null tetrad. By fixingl a up to a constant rescaling, w
have reduced the general gauge freedom to that of a con
rescaling.! Since the zeroth law only says that the surfa
gravity is constant onD, if it holds for onel a, it holds for
every l 8a5cla. Thus, for the zeroth law, it is in factnot
essential to get rid of the rescaling freedom.

Recall that the isolated horizon is naturally equipped w
equivalence classes@ l ,n# of vector and covector fields, sub
ject to the relation (l ,n);(G21l ,Gn) for any positive func-
tion G[G(v) on D. As we already mentioned, our first tas
is to reduce the freedom in the choice ofG(v) to that of a
6-7
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constant. We use the same strategy as in@10,11#. ~For moti-
vation, see@11#.! Recall thatm, the expansion ofn, is strictly
negative and constant on each leaf of the preferred foliat
m[m(v),0. It is easy to verify that

na°G~v !na implies m°G~v !m~v !. ~5.2!

Hence, we canalways use the G(v) freedom to set
m=const. This condition restricts the family of (l a,na) pairs
and reduces the equivalence relation to (l a,na)
;(cla,c21na) wherec is any constant onD. We will denote
the restricted equivalence class by@ l a,na#R . In the second
step, we canarbitrarily fix the numerical value ofm in terms
of the parameters of the isolated horizon and eliminate
rescaling freedom altogether, thereby selecting,for each
choiceof m, a canonical pair (l a,na) on each isolated hori
zon.

With the equivalence class@ l a,na#R at our disposal, as
discussed above, we can define a surface gravityk l via
l a¹al b=k l l

b. Constancy ofk l on D follows from the same
arguments that were used in@11#. For completeness, let u
briefly recall the structure of that proof. First, using con
tions on derivatives ofl a,na introduced in the main defini
tion, one can express the self-dual part of the Riemann
vature in terms ofk l ,¹ak l ,m ~and another field which is no
relevant to this discussion!. Comparing this expression to th
standard Newman-Penrose expansion of the self-dual cu
ture tensor in terms of curvature scalars@21#, and using the
fact that certain curvature scalars vanish onD @see Eqs.~3.4!
and ~3.5!#, one can conclude

~¹ [ak l !nb]=0 and k l=
C2

m
. ~5.3!

The first equation implies thatk l is spherically symmetric.
Hence, it only remains to show thatLlk l=0. Sincem is now
a constant onD, it suffices to show thatLlC250. Now, the
~second! Bianchi identity implies that

Ll~C22F11!=0. ~5.4!

Finally, using Eq.~3.2!, we conclude thatF1158p2(QD
2

1PD
2 )/aD

2 . Thus, F11 is constant onD. Combining these
results, we concludeLlk l=0, whencek l is constant onD.
This establishes the zeroth law.

Let us now consider the second step in fixing the norm
ization of l. So far, we have only required thatm be a~nega-
tive! constant but not fixed its value. Under the rescal
m°c21m we havel °cl andk l°ck l . Hence, the remain
ing rescaling freedom inl andk can be exhausted simply b
fixing the value ofm in terms of the isolated horizon param
eters. We would like to single out a canonical choice, and
obvious strategy is to fixm to the valuemSSSit takes on the
SSS solutions. However, there are two difficulties: First,
thoughmSSS is a well-defined function of the isolated hor
zon parametersr D ,QD andPD , where static solutions exis
there is no closed expression for it in terms of these par
eters simply because the full set of solutions~including the
colored black holes! is not known in closed form. The sec
04404
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ond and more serious problem is that, for an arbitrary po
in parameter space, there might not be any SSS solu
~recall that the colored black holes span only a counta
number of points in thePD axis for a given value ofr D). As
we shall see in next section, one can still have a consis
Hamiltonian formulation and a first law even for those is
lated horizons lying on points of the parameter space wh
no SSS solutions exist. But as should be clear from the
cussion, at this point there is no canonical normalization om
on the whole spaceIH.

Even when we cannot find an explicit functional form f
m, we can still write the general form thatk l shall have.
Using an identity coming from the isolated horizons boun
ary condition we have the following relation@11#:

k l=
1

m S 2
2p

aD
1F11D . ~5.5!

Using the expression forF11 in terms of the charges~3.4! we
have

k ł52
1

m

1

2r D
2 F12

~QD
2 1PD

2 !

r D
2 G . ~5.6!

For those points of parameter spaceL where an SSS static
solution exists, we can go further and make use of the g
eral form of the metric~2.9!. One then finds that the expan
sion of the properly normalizedn is such that

mSSS52
ed(r D)2d(`)

r D
. ~5.7!

A coordinate transformation can always renderd(`)50, so
the properly normalizedk for general isolated horizons take
the form

k5
e2d(r D ,QD ,PD)

2r D
F12

~QD
2 1PD

2 !

r D
2 G . ~5.8!

It is in a sense remarkable that our ignorance about the
plicit form of the solutions is encoded in the functiond.

We end this section with a discussion. As we have e
phasized in this section, any choice ofm in terms of the
horizon parameters defines a vector fieldl a and a surface
gravity on IH. However, one would like to make conta
with the space of static solutions in such a way that
surface gravityk l coincides with the surface gravity of th
properly normalized Killing field. In the case of Einstein
Maxwell-dilaton theory@12# this was indeed possible sinc
the static solutions span the space of horizon parameterL.
That is, for each value of the isolated horizon paramet
there exists a~unique! static solution which allows us to fix
m in a unique, canonical way. In the case of EYM theory, t
space of SSS solutions does not spanL. Thus, one is able to
canonically fixk only in this subspace; for a general poin
there is no preferred normalization. This seems to be a s
ous shortcoming of the formalism that might place the EY
system on a different status than the EM and EMD syste
As we shall see in next section, this ambiguity is also ma
6-8
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fested in the definition of mass. However, this problem w
also motivate a second conjecture that we shall put forw
in Sec. VII.

VI. MASS AND THE FIRST LAW

The space-times that admit an isolated horizon are
necessarily stationary; therefore, it is no longer meaning
to identify the ADM massM with the massMD of the iso-
lated horizon. For the formulation of the first law, we mu
first introduce an appropriate definition ofMD . This defini-
tion should be general enough in the sense that, for e
choice for the normalization ofl a, the mass should be
uniquely defined, and the first law should be valid forany
choice of normalization. As we shall see, the Hamilton
framework provides a natural strategy. In the Einste
Maxwell-dilaton case the total Hamiltonian consists of
bulk term andtwo surface terms, one at infinity and the oth
at the isolated horizon. As usual, the bulk term is a lin
combination of constraints and the surface term at infin
yields the ADM energy. In a rest frame adapted to the ho
zon it is then natural to identify the surface term atD as the
horizon massMD . Indeed, there are several consideratio
that support this identification@11#.

For the gravitational part of the action and Hamiltonia
the discussion of@11# only assumed that the stress-ener
tensor satisfies two conditions atD: ~i! 2Tabl

a is a future-
pointing causal vector field onD, and~ii ! Tabl

anb is spheri-
cally symmetric onD. Both these conditions are met in th
present case. Therefore, we can take over the results of@11#
directly. For the matter part of the action and Hamiltonia
the overall situation is again analogous, although there
the obvious differences in the detailed expressions. As in
Einstein-Maxwell case, matter terms contribute to the surf
terms in the Hamiltonian only because one has to perfo
one integration by parts to obtain the Gauss constraint in
bulk term.

The net result is the following. Consider a foliation of th
given space-time regionM by a one-parameter family o
~partial! Cauchy surfacesMt , each of which extends from
the isolated horizonD to spatial infinityi 0 ~see Fig. 1!. We
will assume thatMt intersectsD in a two-sphere belonging
to our preferred foliation and that the initial data induced
Mt are asymptotically flat. Denote bySD and S` the two-

FIG. 1. RegionM of space-time considered in the variation
principle is bounded by two partial Cauchy surfacesM1 and M2.
They intersect the isolated horizonD in preferred two-spheresS1

andS2 and extend to spatial infinityi 0.
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sphere boundary ofMt at the horizon and infinity, respec
tively. Choose a timelike vector fieldta in M which tends to
the unit time-translation orthogonal to the foliation at spat
infinity and to the vector fieldl a on D, with the normaliza-
tion fixed ~or partially fixed! as in Sec. V. Then, the Hamil
tonianHt generating evolution alongta is given by

Ht5E
Mt

constraints1 lim
r 0→`

R
Sr 0

S r 0

4pG
C2D 2e2F`Q`

1 R
SD

S m21

4pG
C2D 2e1u~A• l !uQD1V, ~6.1!

where Sr 0
are large two-spheres of radiusr 0 and V is a

constant onIH0, the space of isolated horizons with fixe
values of the horizon parameters.~The calculation and the
final result are completely analogous to those in the Einst
Maxwell case@11#.! Note that the surface terms depend on
on the ‘‘Coulombic’’ parts of the gravitational and Yang
Mills fields.

It is easy to check that the surface term at infinity is,
usual, the time componentPa

ADMta of the ADM four-
momentumPa

ADM , which in the present (2,1,1,1) signa-
ture is the negative of the ADM energy,Pa

ADMta52EADM.
It is natural to identify the surface term atSD as the energy of
the isolated horizon.~There is no minus sign becauseSD is
the inner boundary ofM.! Since ta= l a and sincel a repre-
sents the ‘‘rest frame’’ of the isolated horizon, this ener
can in turn be identified with the horizon massMD . Thus,
we have

MD
( l )5 R

SD

S m21

4pG
C2D 2e1u~A• l !uQD1V( l )~aD ,QD ,PD!.

~6.2!

Here, the so far undetermined functionV depends only on
the horizon parameters~and coupling constants!. In the
variational principle, this term played no role, but in th
Hamiltonian description it becomes essential, since we
now interested in variations along the full isolated horizo
phase spaceIH. Thus, one should be able to consider in t
formalism displacements along directions in which the ho
zon parameters change. As we shall show below, requirin
consistent Hamiltonian formulation enables us to determ
the functionV for the EYM system. Now, using the expre
sion ~5.3! of surface gravity in terms of the Weyl tensor~and
m), and callingFDªuA• l u on D, we can castMD in a more
familiar form

MD5
1

4p
kaD1FDQD1V~aD ,QD ,PD!, ~6.3!

where we have dropped the explicitl a dependence of the
mass for notational simplicity. Thus, as in the Einste
Maxwell case, we obtain a Smarr formula. However, t
meaning of various symbols in the equation is somew
different. Since an isolated horizon need not be a Killi
horizon, in generalMD does not equal the ADM mass; nor
6-9
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k or FD computed using a Killing field. Since the constrain
are satisfied in any solution, the bulk term in Eq.~6.1! van-
ishes as well. Hence, in this case,Ht5MD2EADM, the dif-
ference being the ‘‘radiative energy’’ in the space-time.
nally, as emphasized in@11#, the matter contribution to the
mass formula~6.2! is subtle: while it does not include th
energy in radiation outside the horizon, it does include
energy in the ‘‘Coulombic part’’ of the field associated wi
the black hole hair.~Recall that the future limit of the Bond
energy has this property.! This fact is crucial to the analysi
of the ‘‘physical process version’’ of the first law. Howeve
since this issue was discussed in detail in@11#, we shall not
discuss this here.

Now, a consistent Hamiltonian formulation~for a sector
of a diffeomorphism invariant theory! requires that for an
arbitrary vectord tangent to the symplectic manifold~i.e.,
the phase spaceG), one has

dH5V~d,XH!, ~6.4!

whereXH is the vector field that corresponds to the equatio
of motion for a given choice of lapse and shift, andH is the
Hamiltonian function corresponding to the same choice
lapse and shift. In the preceding prescription one assu
that the evaluation ofdH is carried out by considering th
change inH associated with the displacementd of the phase
space point, but keeping the lapse and shiftfixed. If we now
let the choice of lapse and shift depend on the phase s
point—as is the case whenl is normalized as in Sec. V—we
would obtain anewvariationdH̃. This might fail to satisfy

dH̃5V~d,XH!, ~6.5!

with thesame XH as in Eq.~6.4!. It turns out that the neces
sary and sufficient condition to obtain the required cons
tency is the validity of the first law@27#:

dMD5
1

8p
kdaD1FDdQD . ~6.6!

That is, the first law of black hole mechanics—for quantit
defined only at the horizon—arises naturally as part of
requirements for a consistent Hamiltonian formulation
which, for every value of the horizon parameters, one
chosen a canonical lapse and shift functions making the la
dependent on the point; in phase space. Note that in con
with the above situation, when constructing a Hamiltonian
deal with the analogous problem at infinity, the canoni
choice of normalization of lapse and shift at infinity is tak
as independent of the phase space point; namely, they
chosen to correspond to a unit time translation~normal to the
initial-data hypersurface! at infinity.

In the cases of Einstein vacuum, Einstein-Maxwell, a
Einstein-Maxwell-dilaton theories, this consistency requi
ment translates into an identity that is automatically satis
by the expressions ofMD , k, etc., for all values of the pa
rameters and variations thereof. In the case of Einst
Yang-Mills theory—as well as in other theories where hair
present—the only way to ensure the validity of the cons
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tency requirement is to limit the class of variationsd al-
lowed. This has two dramatic consequences: First, it defi
a foliation of phase space by a collection of~symplectic!
leaves over which the Hamiltonian formulation is consiste
a situation which puts the construction in the ‘‘nonstandar
class. In fact, some simple systems are described by a sim
type of situation, as, for example, the~reduced! Hamiltonian
description of a rotating body where the—thre
dimensional—phase space is foliated by two spheres, eac
which is a true symplectic manifold where the Hamiltoni
motion is restricted@28,29#. Second, the status of the firs
law changes from that of an identity, valid for all variation
to that of a specification of the class of variations that
formalism allows.

It is important to note that in the first law~6.6! only varia-
tions of the electric charge are involved, and not variations
the magnetic charge. On the other hand, the horizon m
~6.3! might depend onPD throughV.

Let us now see that asking consistency of the formali
leads us to some conditions that the functionV should sat-
isfy. In order to do this we shall follow, for completenes
Ref. @30# closely. The first step in this direction is to rega
Eq. ~6.6! as an identity between one forms dMD

5(1/8p)kdaD1FDdQD , wherek,FD , andV are functions
onL. Thus one can consider differential forms onL and take
an exterior derivative of the ‘‘first law’’ to arrive at

05
1

8p
dk`daD1dFD`dQD . ~6.7!

The first conclusion coming from Eq.~6.7! is that the varia-
tions onL are restricted to submanifolds such that the pu
back of the form dPD`daD vanishes. That is,PD is not free
to vary independently ofr D andQD . This is precisely what
happens for SSS solutions@representing only adiscreteset of
curves in the plane (r D ,PD)] and in the static axial-
symmetric case@31# ~also covering a discrete set of curves
the plane!. From now on, we restrict ourselves to the sym
plectic leaves where the formalism is well defined. On the
submanifolds the magnetic charge becomes a function of
area and electric charge,PD5PD(r D ,QD).

Second, the condition~6.7! gives us a relation betweenk
andFD :

]k

]QD
58p

]FD

]aD
. ~6.8!

Thus, if we know the surface gravityk, then we can derive
an expression for the potentialFD .

Finally, taking the variation of Eq.~6.3! and comparing it
to Eq. ~6.6! we arrive at the following equations:

aD

]b

]aD
18pr DQD

]FD

]aD
18pr D

]V

]aD
50, ~6.9!

r D

2

]b

]QD
1QD

]FD

]QD
1

]V

]QD
50, ~6.10!
6-10
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where aD54pr D
2 and, for convenience, we have defin

bª2r Dk. Thus, givenk andFD one can in principle, inte-
grate Eqs.~6.9! and ~6.10! to find V. Note that these equa
tions are defined over the horizon parameters spaceL, so
they are completelylocal to the horizonD.

Recall that the general prescription for arriving at an e
plicit expression for surface gravityk, for general isolated
horizons, involves the fixing of the expansionm as function
of the horizon parameters. For this, one requires some in
from the SSS solutions~where they exist!. However, it is
important to stress that the results of this section regardin
consistent Hamiltonian formulation and the validity of th
first law are independent of the particular choice of norm
izationm ~andk) that one makes. Thus, there is a consist
Hamiltonian for each choice. This is particularly importa
for those points of horizon parameter space where no
solutions exist and, therefore, no ‘‘canonical’’ normalizati
is available. Nevertheless, isolated horizons still exist, a
are well defined for those points of parameter space. I
when we want to have a canonical choice ofm, and therefore
of k and MD , that we are forced make contact with sta
solutions~for the allowed regions inL).

In the remainder of this section, we focus our attention
static spherically symmetric solutions to the EYM equatio
described in Sec. II. We shall consider the three classe
SSS solutions described in Sec. II, and find expressions
their surface gravityk and horizon massesMD . As dis-
cussed before, a study of the three sectors of SSS solu
serves two purposes. First, it provides us with a way of fix
the normalization ofl a for general isolated horizons for
those point of parameter spaceL where SSS solutions exis
and second, it will allow us to find, in the next Sec., ne
results regarding SSS solutions. This is because, even w
the expressions we will find fork and MD are valid in the
general framework, they are, in particular, also valid for S
solutions. Some of the results of this and the next sect
regarding SSS colored black holes, were already reporte
@32#.

Let us start with the electrically charged case, correspo
ing to the PD50 surface inL. Since these solutions ar
nothing but electrically charged Reissner Nordstro¨m solu-
tions, the expansion ofn is given by@11#

m52
1

r D
~6.11!

and the surface gravity is given by

k5
1

2r D
S 12

QD
2

r D
2 D . ~6.12!

We can now consider Eq.~6.8! and find that ] r D
FD

52QD /r D
2 . Then, askingFD to vanish asr D°`, we have

that

FD5
QD

r D
, ~6.13!
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which corresponds precisely to the value of the electric
tential on RN solutions. Equation~6.9! now implies that
] r D

V50 and ]QD
V50. Since the restriction ofV to the

planePD50 does not depend onPD , the only possibility is
that V5const on thePD50 plane ofL. In order to fix the
value of V we notice that the Schwarzschild one-parame
family of solutions—corresponding to zero electric field—
contained within the electric RN family. These solutions a
purely gravitational since the gauge potential vanishes
actly, and it is known that for the pure Einstein theory o
can setV50 ~see@11#!.

We now have expressions of the massMD , surface grav-
ity k, areaaD , and the electric potentialFD of any isolated
horizon in terms of its fundamental parametersr D ,QD :

MD5
r D

2 F11
QD

2

r D
2 G . ~6.14!

This is precisely the same form as in the Einstein-Maxw
theory. The total energy of the systemE, related to on-shell
value of the Hamiltonian, is given by

E52Ht5MADM2MD , ~6.15!

which for the electric RN embedded family vanishes exac
Let us now consider embedded Abelian magnetic so

tions. For this solutions, the electric chargeQD vanishes, so
the horizon mass variation formula, when restricted to
purely magnetic sector of the SSS space, takes the form

dMD5
1

8p
kdaD . ~6.16!

The formula for the mass, Eq.~6.3!, is given by

MD5
1

4p
kaD1V~r D ,QD50,PD51!. ~6.17!

The normalization factorm remains the same as in the ele
trically charged case given by Eq.~6.11! and the surface
gravity is given by

k5
1

2r D
S 12

PD
2

r D
2 D . ~6.18!

Then Eq.~6.8! implies thatFD is zero. The second set o
equations~6.9! and ~6.10! reduce to

]QD
V50 ~6.19!

and

] r D
V52

r D

2
] r D

b. ~6.20!

Using Eq.~6.18! we get the following equation thatV should
satisfy:
6-11
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] r D
V52

PD
2

r D
2

. ~6.21!

Now, recall that, for a given value of the magnetic char
PD , one has black hole solutions forr D>uPDu ~the extreme
case corresponding tor D5uPDu). In order to integrate Eq
~6.21!, one has to choose some ‘‘boundary conditions’’
the spaceL. Our choice, motivated by consistency with th
colored black holes~see below!, is to setV(r D5PD)50.
With this choice,V takes the form

V5E
uPDu

r D PD
2

r̃ 2
dr̃ 5

PD
2

r D
2uPDu. ~6.22!

With this, the horizon massMD is given by

MD5
r D

2 S 11
PD

2

r D
2 D 2uPDu5MADM2uPDu. ~6.23!

Let us now consider the case in which the Abelian so
tion has both electric and~unit! magnetic charge. The surfac
gravity is given by

k5
1

2r D
F12

~QD
2 1PD

2 !

r D
2 G . ~6.24!

Equation~6.8! leads us to conclude thatFD5QD /r D , and
Eq. ~6.9! takes the form

] r D
V52

~QD
2 1PD

2 !

r D
2

1
QD

2

r D
2

52
PD

2

r D
2

. ~6.25!

Then, imposing again the boundary condition thatV vanish
on extremal magnetic solutions, we have that

V5
PD

2

r D
2 PD. ~6.26!

The horizon mass is now

MD5MADM 2 PD , ~6.27!

and the total energy is then

E5 PD51.

Finally, there is the most interesting case, i.e., the fam
of colored black holes labeled byr D and an integern. Since
these solutions correspond to the purely magnetic case,
~6.16!, ~6.17!, ~6.19!, and ~6.20! continue to hold. This las
condition that the functionV5V(r D) should satisfy can be
written as
04404
e

-

y

qs.

V852
r D

2
b8, ~6.28!

with the prime denoting differentiation with respect tor D .
~We are considering variation with fixed value ofn.! Further-
more, by requiring thatMD°0 as r D°0—coming from
physical considerations—we arrive at the following relatio

MD5
1

2E0

r D
b~ r̃ !dr̃ , ~6.29!

where the integration is again performed over thespace of
parametersof the n-colored black hole, labeled by the hor
zon radiusr D , and not over space-time. Let us note that
the n50 solution, whereb is known in closed form (b
51), we arrive atMD

(n50)5r D/25kaD /(4p), as expected.
Several remarks are in order. First, we must empha

that the determination ofV, and thus ofMD , relied on con-
siderations involving only variations of quantities associa
with the horizonD. Thus, the horizon mass is a well-define
quantity in the isolated horizons phase spaceIH ~provided
that a global normalization ofm exists!. Second, the Hamil-
tonian horizon mass~HHM! defined by Eq.~6.3!, when re-
stricted to SSS configurations, does not agree with the u
definitions of mass that one finds in the literature~see, for
instance,@17# and@33#!. It should be stressed that Eq.~6.29!
comes from a consistent Hamiltonian formulation, and isnot
a definition as occurs in other treatments.

As it was discussed at the end of Sec. V, the fact that S
solutions to the EYM equations do not span the spaceL of
horizon parameters is, in a sense, disturbing. It might se
that the Einstein-Yang-Mills system is in a different stat
than the Einstein-Maxwell-dilaton system where the space
horizon parameters is in a one-to-one correspondence
the space of static solutions. One would like to have a sim
result in the EYM case. However, the SSS solutions s
only a subspace ofL. Luckily, the spherically symmetric
solutions in EYM theory do not exhaust all possible sta
solutions~as occurs in EMD theory!; there are static solu
tions with axial symmetry that are not spherically symmet
@31#. With these results at hand, we propose a completen
conjecture in the next section.

VII. CANONICAL NORMALIZATION PROBLEM:
A PROPOSAL

We have seen that in order for the isolated horizo
scheme to define the surface gravity and the horizon mas
the colored black holes we needed to introduce a unique
conjectureC1 that guarantees that, given the isolated ho
zon parametersaD ,PD ,QD , there would be at most one SS
solution. This was needed for, otherwise, the normalizat
of m would not be uniquely specified given those paramete
The existing numerical evidence does indeed strongly s
port this conjecture. However, as we have mentioned bef
and as is evident from the previous discussion, this is
sufficient in order to have the isolated horizon framewo
working for the EYM system to the same extent that
works, say, for the Einstein vacuum, Einstein-Maxwell, a
6-12
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Einstein-Maxwell-dilaton systems. In order to achieve th
we would need to have a canonical normalization ofm for a
‘‘complete’’ set of values of the isolated horizon paramete
In the previously mentioned cases this canonical choic
given by the existence of static~and spherically symmetric!
black hole solutions for all isolated horizon values of t
parameters.7

There is strong numerical evidence against the validity
the analogous claim in the case of the EYM system. In f
in the regime of staticity and spherical symmetry there a
given a fixed value ofaD , only a discrete set of values ofPD

for which there are black hole solutions. Moreover, with
this regime there are no black hole solutions for any value
PDÞ1,0 andQDÞ0. Thus, if we want to have any hope th
any claim in that direction might be true, we must formula
it outside this restrictive regime. Indeed the fact that in EY
systems there are static black hole solutions that are
spherically symmetric~indicating that the theorem analogou
to Israel’s theorem is false in this case! already shows us tha
we must go beyond the SSS regime. In fact the soluti
alluded to above are axially symmetric, instead of spheric
symmetric, but seem to share, with the SSS solutions,
discreetness of the allowed values ofPD ~at least to the ex-
tent that this issue has been studied@31#!. Thus we have to
go beyond this regime as well. In fact there are strong in
cations ~see, for example, the discussion in@23#! that we
must go beyond the static regime, and pose the conjectu
a broad enough setting that would still allow one to sin
out, for a given choice of IH parameters, a particular bla
hole solution and thus a canonical normalization ofm. This
would be of course the class of stationary black hole so
tions, where we would have to keep track also of the ang
momentum, both at infinityJ` and at the horizonJD . The
completeness conjecture would thus be the following:C2:
For every value of the isolated horizon paramete
aD ,PD ,QD ,JD for which a space-time can be constructe
there exist also a stationary black hole solution with t
same value of the parameters, now characterizing the Kill
horizon.8

Let us now consider some of the implications of this co
jecture. First, a stationary black hole solution would be ch

7In fact, although this is true for the Einstein vacuum system
the Einstein-Maxwell case we already have a potential probl
because ifQ.r D , there is no such static solutions. The consisten
of the whole scheme would require the impossibility of construct
a space-time containing an isolated horizon with such values o
parameters. This is a rather serious consequence of the present
of view, and one that should be testable. There is a strong cor
tion of these issues with the cosmic censorship conjecture that
vents us from violating the inequalityQ,r D for static solutions. It
would seem that the IH formalism implies that one cannot const
initial data for a solution containing a black hole with values of t
parameters that violate this inequality.

8In this statement, a space-time ‘‘can be constructed’’ whene
there exists an asymptotically flat solution to the EYM equat
satisfying IH boundary conditions with the specified values of
horizon parameters.
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acterized by its parameters at infinity,MADM ,P` ,Q` ,J`

and therefore the conjecture would imply the existence o
well-defined map C: (aD ,PD ,QD ,JD)→(MADM ,P` ,
Q` ,J`) The failure of the no-hair conjecture would indica
that this map is not invertible. In fact we know that it wou
not be injective. Moreover, the map would be nontriva
four dimensional, in the sense that fixing, say,JD50 would
not fix J`50, as can be seen from the following expressi
@34#:

4pV~JD2J`!5E
S
d3x@ tbẼi

aFab
i 1Lt~Aa

i !Ẽi
a#, ~7.1!

valid for stationary black hole solutions in EYM theory
Here,S is a maximal hypersurface intersecting the bifurca
horizon, andta is the projection toS of the time-translation
Killing field. As it can be seen from Eq.~7.1!, there is a bulk
contribution toJ` , the canonical angular momentum at i
finity. Here,JD is a particular definition of ‘‘horizon angula
momentum’’ ~given by a Komar integral!, andV stands for
the angular velocity of the horizon, i.e., the expression
pearing in the first law,

dMADM1F`dQ`2VdJ`5
1

8p
kdaD , ~7.2!

whereF` is the ‘‘electric potential’’ at infinity. In fact the
EYM system is, in this respect, rather different from t
Einstein-Maxwell system, because in the latter one can
entangle, for example, the expression forF`Q from the ex-
pression forVJ` , something that cannot be done in EYM
@34#, in which case the only relationship that can be obtain
is given by the expression

8p~VJ`2F`Q`!5E
S
N~pabp

ab12Ei
aEa

i !/h, ~7.3!

with pab the momentum conjugate tohab , the Riemannian
metric onM, andN the ‘‘lapse function.’’

Assuming the validity ofC2 one would have a canonica
choice for the normalizations that could be used to uniqu
definek andMD , the one provided by the Killing field of the
stationary solution that is null at the horizon and that is n
malized so that at infinity is a unit time translation. In ord
to make all these considerations more precise from the
lated horizon point of view, one needs to consider the ext
sion of the formalism given in@25,35#.

Now, let us concentrate for the moment in the SSS se
and see if we can understand the discreteness observed
in terms of this conjecture. In the analysis that led to t
discovery of SSS black holes in EYM theory, one is fixin
P`50 because one is interested in solutions that are Abe
at large distances. Moreover, spherical symmetry evide
requiresJ`50 andJD50. Moreover, the mixture alluded to
before would prevent us from achieving this~spherical sym-
metry! unless we also setQ`50. Thus we see that the
~highly nonlinear! problem is given by four constraints in
four-dimensional space, and thus that the set of solution
expected to be given by a discrete set~i.e., the linearized
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problem about a given solution in the SSS sector has
nontrivial solution within the sector!.

Next, let us consider some consequences of the comp
ness conjecture in the structure of the spaceL. We have seen
in Sec. VI that the spaceIH ~where we now have to includ
distortion and rotation@25,35#! is foliated by ‘‘symplectic
leaves’’ where the Hamiltonian formulation and the first la
are valid. This foliation intersects the spaceS of stationary
solutions and defines a one-parameter foliation of it. Now
theC2 conjecture is valid, we have an isomorphism betwe
S andL, which then induces a canonical foliation ofL.

On the other hand, we must point out the following he
ristic argument against the conjecture. Consider a station
black hole solution in EYM theory; in order to be asympto
cally flat the YM field strength must fall off rather rapidly a
large distances. Thus the self-interaction of the fields mus
falling off faster than the fields themselves and thus the fie
must behave in the large distance limit as free fields, i.e.
Abelian fields. This suggests that the only possible value
the magnetic charge at̀, P` are the Abelian values 0,1, . . .
~there is, of course, no such restriction on the allowed va
of the electric charge!. This view is supported by the expe
rience with the static spherically symmetric solutions. Th
any stationary solution would be characterized at infinity
the parametersMADM ,Q` ,J` ~setting for the momentP`

50 to simplify the discussion!. On the other hand, the solu
tion will be characterized by its horizon parameters, amo
them aD . We know from the first law in its asymptotic in
finity version, Eq.~7.2! ~see the discussion in@23#!, that the
stationary black hole solutions are extremum ofMADM at
fixed aD ,Q` ,J` within the constrained phase space~i.e., the
space of allowed initial data, which as usual, can be ide
fied with the space of solutions!. Each such extremum is a
isolated point in that space, so the manifold of station
solutions is three dimensional. In@23# an argument is given
that indicates that there would be a countable infinity of
lutions for each value of the parametersaD ,Q` ,J` which
would generalize what happens in the case of the static
lutions. This suggests that the manifold of stationary so
tions is made of a countable infinity of connected thre
dimensional components. On the other hand, the conjec
would seem to indicate that such a manifold must be f
dimensional. The only way to avoid this would be to requ
the impossibility of constructing solutions of the equatio
representing asymptotically flat black hole space-times~not
necessarily stationary! containing isolated horizons for a
values of the isolated horizon parameters.

One would be tempted to take such position in view of
discretness of the SSS colored black holes with a fixed va
of the horizon areaaD

0 . Let $PD
i % i 51

` be the values of the
horizon magnetic charges of the SSS colored black h
with horizon areaaD

0 . One might want to argue that given
value of PD8 P(0,1) that is not in that list, and is, say, b
tween two of the values in the list, one cannot construc
solution representing asymptotically flat black hole spa
time with an isolated horizon and, sayaD5aD

0 ,PD

5PD8 ,QD50,JD50. Unfortunately this claim is evidently
false: The recipe for constructing such a space-time is to g
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initial data that, upon evolution, would be static near t
horizon and near infinity at least for a finite ‘‘time’’ interva
Take the equations for the SSS solution@Eqs.~10!, ~11!, and
~12! in @15## and setr H5AaD

0 /4p, w(r H)5A12PD8 , and
evolve the elliptic equations up to, say,r 52r H ~if we con-
tinue to evolve the equations attempting to obtain a st
solution, we would find thatw diverges, so the solution
would not be asymptotically flat!. For, say,r>5r H take the
initial data for the Schwarzschild solution. In the intermed
ate regionr P(r H ,5r H) take any interpolating function fo
w, and set the time derivatives of the functionsw,m, etc.
~i.e., the ‘‘momenta’’! to satisfy the constraints. The point
that the evolved space-time will be static in a neighborho
of the horizon, so, in particular, the horizon will be isolate
at least during some finite time interval~until the radiation
coming from the intermediate region arrives at the horizo!.
Note that, generically, in this case the event horizon will f
to coincide with the isolated horizon.

The argument above suggests that the manifold of isola
horizon parametersL is indeed four-dimensional and thu
the conjecture would require the identification of this fo
dimensional manifold with the infinite set of three
dimensional components that seem to constitute the man
of stationary solutions. The best that can be hoped at
point is thatS be dense inL, a situation that would indicate
that in the EYM theory there is much richer structure th
what is found in, say, the Einstein-Maxwell system. In th
case, the canonical normalization forl would be given by an
appropiate limit~within S) of solutions where the normaliza
tion exists~assuming, of course, that there is such limit!.

On the other hand, the argument above is by not a
means a tight proof, particularly so in the case of the conc
sion about the Abelian nature of the allowed values ofP` .
As we have mentioned before, the validity of this conjectu
or some version of it~as, for example, a version based on t
assumption that the manifold of stationary solutions
mapped into a dense subset of the isolated horizon par
eters!, seems to be the only reasonable way in which
isolated horizon scheme can be as successful in the ge
case as it has proved to be in the Einstein vacuum, Einst
Maxwell, and Einstein-Maxwell-dilaton theories.

Needless is to say, further research is required in orde
elucidate whether one of the scenarios considered abov
correct or whether, in fact, the isolated horizon scheme f
to achieve in EYM theory the same degree of success th
attained in the previously treated cases.

VIII. SPHERICALLY SYMMETRIC STATIC SOLUTIONS:
MASS AND HAIR

In this section we shall restrict our attention to the S
sector of isolated horizons. One issue that has been con
ered for non-Abelian gauge theories is the relation that mi
exist between the existence of regular static, solitonic so
tions, and ‘‘hairy’’ black hole solutions. This issue has be
considered, for example, in@19# from heuristic and dimen-
sional arguments. In this section, two main issues are s
ied. First, by restricting the Hamiltonian formulation for iso
6-14
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lated black holes to the SSS sector, we can define
Hamiltonian horizon mass of SSS black holes in EY
theory. We then use this expression to show that this qua
cal definition together with some basic properties of Ham
tonian mechanics lead us to a formula relating HHM a
ADM mass of the colored BH solutions with the ADM ma
of the solitons of the theory. We also conclude that the po
tivity of the ‘‘total energy’’ spectrum of the colored blac
holes is related to their instability.

These results are quite surprising, because the IH form
ism was developed to extend the notion of black holes
situations where radiation is present—and goes out
infinity—and one might have not expected to obtain n
results already in the static sector of the theory.

As we have previously mentioned, the HHMMD of a SSS
BH does not correspond to any of the quasilocal definitio
of the BH mass considered in the literature. Furthermo
MD has the virtue of being constructed from a consist
Hamiltonian formulation which places it on a different stat
as the standard definitions.

To begin, let us calculate the value of the ‘‘total energ
E of the system for the three sectors of SSS solutions
order to do this, we use a general argument from symple
geometry that states that, within each connected compo
of the space of static solutionsS embedded in the space o
isolated horizons, the value of the HamiltonianHt remains
constant@11#. Let us review this argument since it is esse
tial for our discussion. The Hamilton equations of moti
can be written asdH5V(d,XH), whereV is the symplectic
form, d is an arbitrary variation, andXH is the Hamiltonian
vector field. A static solution is one at which the Hamiltoni
vector field either vanishes or generates pure gauge ev
tion. In either case, the symplectic structure evaluated onXH
andany arbitrary vector fieldd vanishes. Therefore, for thi
point of the phase space,dH50 for any directiond. In
particulardH50 for variations relating two static solutions
Now, in the case of Einstein-Maxwell theory, the no-h
theorems ensure that all static solutions are given by the
family. That is, the space of static solutions is, in that ca
connected. Furthermore, since there is no energy scale in
theory, the only ‘‘preferred’’ value forHt is zero@11#.

What is the situation in Einstein-Yang-Mills theory? Firs
there is the Abelian family of electrically charged solution
which represent a connected component, parametrized
M ,Q. For these solutions, the basic reasoning of@11# applies
and, as follows from Eqs.~6.14! and~6.15!, one has to con-
clude that for these solutionsH50. However, there is a
subtle modification in the case of magnetic Abelian so
tions. These solutions represent a disconnected compo
labeled by one parameter, namely, the massM ~the magnetic
chargeP is fixed to be unity!. As discussed in Sec. II, th
EYM system possesses an energy scale given by the
coupling constant, so, in principle, nonzero values ofH are
allowed. In the one-dimensional component correspondin
Abelian magnetic solutions, the value ofE can be computed
using Eqs.~6.15! and ~6.23! and is given byE5MADM
2MD5uPDu51. ~We are taking the YM coupling constan
gYM51.)

Finally, let us consider colored black holes. Each co
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nected component of the space of SSS colored black hol
one dimensional~parametrized byaD), and solutions corre-
sponding to distinct values ofn belong to disconnected com
ponents. That is, the space SSS has a countable numb
connected components. As we shall now show, forn>1 the
value of the Hamiltonian turns out to bedifferentfrom zero:
Ht

nÞ0.
Recall that the general argument described above tell

that the~on-shell! value of the Hamiltonian is constant fo
each family labeled byn. This in particular implies that its
value is independent of the radiusr D of the horizon. Thus
one is allowed to take the limit

H (n)5 lim
r D°0

@MADM
(n) ~r D!2MD

(n)~r D!#. ~8.1!

Now, it is known that the colored black holes conver
pointwise to the Bartnik-McKinnon soliton solutions@18#
and that the ADM mass satisfiesMADM

(n) °MBK
(n) whenr D°0.

Furthermore, the horizon mass of the black holeMD goes to
zero in this limit, so we can conclude that

H (n)5MBK
(n) ; ~8.2!

that is, the total value of the Hamiltonian equals the mass
the nth Bartnik-McKinnon~BK! soliton solution.

We now collect our results for colored black holes a
arrive at the following unexpected relation:

MADM
(n) ~r D!5MBK

(n)1MD
(n)~r D!. ~8.3!

Thus, we are in the position of writing an explicit formu
for the ADM mass of then colored black hole as function o
r D :

MADM
(n) ~r D!5MBK

(n)1
1

2E0

r D
b (n)~ r̃ !dr̃ . ~8.4!

In Fig. 2, we show the values of the HHM as a function
the horizon radiusr D for then51,2 families. Note that for a
given value of the horizon area, the highern is, the lower the
horizon mass of the corresponding black hole. In Fig. 3
value of the horizon magnetic chargePD is shown as func-
tion of the radius.

It is important to stress that,a priori, one would not ex-
pect to get the value of quantities defined at infinity, such
the difference of ADM masses in terms of purely local qua
tities atD. At this point one might raise the following objec
tion to the construction ofMD for colored black holes: If we
start by considering the equationdMD5kdaD/8p and try to
integrate it along the one-dimensional curve defined for e
n, one can ‘‘trivially’’ do so by using the usual form of th
first law at infinity, which tells us that the general solutio
for MD is given byMD5MADM1c, with c a constant. Then
one might argue that the ‘‘only’’ thing one is doing is to s
c such thatMD(r D50)50. Thus, one would conclude, th
derivation is trivial and even the notion of a horizon ma
would seem questionable. This argument would be perfe
valid had we postulated the equationdMD5kdaD/8p.
However, the nontrivial point here is that this equati
6-15
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CORICHI, NUCAMENDI, AND SUDARSKY PHYSICAL REVIEW D62 044046
comes as a consequence~and consistency requirement! from
a Hamiltonian description respecting—physica
motivated—boundary conditions. Therefore, even when
algebraic manipulations are simple, the final result is hig
nontrivial.

We can now try to understand the physical meaning of
relation ~8.4!. Two facts are known about these solution
first, we know that for fixedaD these solutions represen
saddle points of the ADM mass functionM @23#, and thus, as
one can expect, for all values ofn these solutions are un
stable under small perturbations@36#. Let us now note that
for the reported solutions in the literature~see, for instance
@18#!, the BK mass is a monotonic function ofn, starting at
MBK

1 '0.828 and approaching 1 asn grows~in standard nor-
malized units!. The fact that the mass of the soliton, a
therefore the total energy of the colored black holes, is p
tive confirms our expectation, coming from energetic cons
erations, that in generalMADM>MD . Indeed, since the dif-
ference between the horizon and ADM masses can be se
the energy that is available for radiation to fall both into t

FIG. 2. The Hamiltonian horizon massMD and the total Hamil-
tonian H are shown as functions of the horizon radiusr D for the
n51,2 colored black holes.
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black hole and to infinity, one can understand the nonz
value of the Hamiltonian as an indication that there is a
tentiality for instability of the solution. In static solution
there is, of course, no radiation. Thus, to be precise, a p
tive value of the energyE means that, if we perturb slightly
the initial data of a~unstable! static solution in such a way
that the total energy is ‘‘very close’’ toE, then the resulting
space-time will approach Schwarzschild in the future, a
the total radiated energy to both infinity and the horizon w
be equal toE. In conclusion, a necessary condition for th
solution to be unstable is for the value of the total energy
the solution in question to be positive.

Let us conclude this section with four remarks.
~1! In the computation of the horizon mass for the ma

netically charged Abelian solution, we required that the fun
tion V vanish for the extremal black holes. Let us now m
tivate this choice. First, it is known that forr D>1 the n
colored black holes approach the Reissner-Nordstro¨m mag-
netic solution~in a region around the horizon that expan
unboundly withn) whenn°`. Let us abuse notation for a
moment and refer to these limiting solution as the ‘‘n5`
colored black hole.’’ From the numerical solutions report
in the literature one can notice that the horizon massMD

(n)

5MADM
(n) 2MBK

(n) tends to zero whenn°` and r D°1 from
above. Now, if we require continuity from above forMD on
the spaceL of SSS solutions, we should require that

lim
r D°11

MD
(`)50. ~8.5!

But the horizon mass is given byMD
(`)5kaD/4p1V and

k°0 asr D°1 ~since this corresponds to the extremal R
case!. Thus, we conclude thatV°0 whenr D°1.

~2! Let us now return to the puzzle that we posed in S
II: how can we reconcile the treatments of static solutions
infinity and at the horizon? That is, when formulating th
first law, say, at infinity, we only have two free paramete
given by the ADM mass and electric chargeQ` . However,
at the horizon we have three parameters, the horizon

FIG. 3. The horizon magnetic chargePD is shown as a function
of the horizon radiusr D for the n51,2 colored black holes.
6-16



nd
s
a
n

ic
s

te
ia
ti

rs
a
n

ie

ar

e-
e

gu
t

in
nc
se
or
ta

th
o
f
ith
th

h
d
f t
ith
o

s
th
e

he
lso
e

la-
iry

et of
-
to
es

o-
t is,

he

izon

re,
.
tatic
. In
e-
ar-

e

be
on-

the
ly
-
ag-
he
n
y
-

t be

pply
of
rm

gu-
f
In
uge

m

lso

EINSTEIN-YANG-MILLS ISOLATED HORIZONS: . . . PHYSICAL REVIEW D62 044046
aD , the electric chargeQD , and the magnetic chargePD .
Now, Eq.~6.6! tells us that their respective variations depe
only on the horizon area and electric charge, which seem
be a contradiction. The proper setting of the problem ag
comes from the consistency of the Hamiltonian formulatio
Recall that from Eq.~6.7! we concluded that the magnet
chargePD is not free to vary at the horizon, but its variation
are related to the variations of the horizon radiusr D . This
means that the allowed values ofPD and r D lie in submani-
folds of codimension 1 embedded in the spaceL. Thus, even
when we can in principle have three independent parame
at the horizons, in practice when employing the Hamilton
formulation, one is restricted to values of the magne
charge that are determined by the horizon area~within each
family labeled byn). Thus, the variations of the paramete
both at the horizon and at infinity are consistent. This c
also be seen in the following way. The results of differe
formalisms at infinity have shown that the ADM mass var
as @23,33#

dMADM5
1

8p
kdaD1F`dQ` , ~8.6!

but since we know that, at a static solution, an arbitr
variationd satisfiesdE5d(MADM2MD)50, we have com-
plete agreement with Eq.~6.6!.

Now lets turn our view to the conflict that our complet
ness conjectureC2 seems to face in view of the fact that th
colored black hole solutions, with different value ofn, have
different values of the Hamiltonian and the general ar
ment, presented in Sec. VI, ensures thatH must be constan
over any submanifold of static~stationary! solutions. Thus,
this general argument would lead us to conclude thatH is
constant overS. The solution of the apparent paradox lies
the fact, already mentioned in Sec. VI, that the consiste
of the Hamiltonian formulation leads to a foliation of pha
space by symplectic leaves over which the Hamiltonian f
mulation is valid. These leaves intersect the manifold of s
tionary configurations, which is embedded inIH. The inter-
section results in hypersurfaces of constant value of
Hamiltonian. In the case of SSS solutions each one of th
corresponds to a single family labeled by a fixed value on.
If we now restrict our consideration to the hypersurface w
Q50, each of these families corresponds to a curve in
(r D ,PD) plane. Namely,PD becomes a function ofr D rather
than an independent parameter. This again is similar to w
happens in the case of a rotating body, where the manifol
stationary states does not correspond to a single value o
Hamiltonian, but the intersection of a symplectic leave w
this manifold coincides with the curves of constant value
the Hamiltonian. Then, even when the spaceL if foliated by
a ‘‘continuum’’ of leaves, the allowed Hamiltonian motion
are restricted to lie within each of these level surfaces of
HamiltonianH. This overall picture of the structure of th
parameter space, is in fact, consistent with the situation
EMD. In this case, there is only one ‘‘leave’’ and, thus, t
intersection with the manifold of static solutions has a
only one leave; the value ofH is indeed constant on th
whole S ~it is in fact zero!.
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It is intriguing to note that there seems to be a deep re
tion between the existence of nontrivial solitons and ha
black holes for which the charges are not independent~i.e.,
the possible SSS solutions are restricted to a discrete s
constant energy surfaces withinL). The fact that the consis
tency requirement on the Hamiltonian formulation leads
the ‘‘nonstandard’’ Hamiltonian framework for these cas
@i.e., the foliation of phase space by the~symplectic! leaves
on which there is a truly Hamiltonian framework# together
with the constancy of the full Hamiltonian on stationary s
lutions can be regarded as explaining such relation. Tha
on the intersection of each leave with the manifoldS of
stationary solutions, the full Hamiltonian is a constant. In t
limit aD°0 on each leave~provided such limit can be taken!
we will find a soliton. The motion along the ‘‘leave’’ inS
determines the mutual dependence of the isolated hor
parameters.

~3! It is now a general belief that the no-hair conjectu
even in its weakest form@8,19#, is violated for some systems
One can thus hope that there be a uniqueness result for s
solutions in terms of quasilocal parameters at the horizon
Sec. VI we have put forward a ‘‘horizon parameters uniqu
ness conjecture’’ stating that all static BH solutions are ch
acterized by their horizons parameters~‘‘quasilocal
charges’’! in a unique way. In particular, it should be tru
that, given the horizon areaaD and the horizon electric
chargeQD and magnetic chargePD , the static solutions be
uniquely determined. For instance, if we setQD , given an
arbitrary value for the magnetic chargePDP@0,1#, there
might be no solution, but if there is a solution, it should
unique. The numerical evidence available supports the c
jecture~see Fig. 3!.

~4! One other point already mentioned is the issue of
stability test provided by this type of analysis: It is on
whenMADM.MD in Eq. ~6.15! that the solution can be un
stable. One very clear example of this is given by the m
netic RN solution, which can be considered within both t
Einstein-Maxwell theory and the EYM theory. This solutio
is stable within EM theory but unstable within EYM theor
@37–39#. We can now understand this situation in the follow
ing way: In the former case the gauge connection canno
globally described through a gauge fieldAa as it corresponds
to a nontrivial bundle. In this case one can nevertheless a
the IH formalism through the use of the duality symmetry
Maxwell theory. This results in the appearance of a te
FMPD taking the place ofFQD in Eq. ~6.3!, and as is well
known the evaluation ofE as MADM2MD ~in this case
H (0)50 as there are no Abelian magnetically charged re
lar solitons! givesE50, thus accounting for the stability o
the solution. Let us look at what happens in EYM theory.
this case the solution can be described in terms of the ga
fields Aa

i because it is associated with a trivial bundle~with
larger group! and there is therefore no term of the for
FMPD in Eq. ~6.3!. The PD dependence of the massMD

comes throughV. As we have shown, the value ofE for this
solution is positive (E51), thus allowing for the instability
of these solutions. Note that this same argument is valid a
6-17
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for dyons with both electric and unit magnetic charge@see
Eqs. ~6.24!–~6.27!#, and thus, it indicates a potential inst
bility of these solutions.

Finally, let us conclude this remark by suggesting a ‘‘ru
of thumb’’ for finding potentially unstable solutions, sug
gested by the EYM system. In the static family of solution
consider the limitr D°0. We have three possibilities:~i! We
arrive at a regular solution with zero energy~i.e.,
Minkowski!. This indicates that the whole family, labeled b
r D , is stable.~ii ! There is a minimum allowed value ofr D

corresponding to zero surface gravity. In this case, we
not conclude anything.~iii ! In the limit one finds a regula
solution with positive energy~a soliton different from the
vacuum!. In this case, the whole family of solutions~includ-
ing the soliton! is potentially unstable. It would be interes
ing to reexamine, from this perspective, the~complete non-
linear! stability of the Einstein-Skyrme solitons and bla
holes@40#.

IX. DISCUSSION

In this paper, we have studied the extension of the i
lated horizon formalism to include the EYM system a
found that it leads to a ‘‘nonstandard’’ Hamiltonian form
lation. The main feature of this formulation is that it provid
a foliation of phase space into symplectic leaves, in each
which we do get a standard Hamiltonian formulation. T
framework nevertheless provides a powerful tool for stu
ing some classical aspects of the theory already at the s
level. In particular, we found an unexpected relation betw
the the ADM mass of a static spherically symmetric bla
hole solution, its horizon mass, and the ADM mass of
corresponding solitonic solution. These relationships w
checked numerically in terms of the known numerical resu
obtained in the process of finding those solutions and t
the agreement can be seen as a check on the whole for
ism.

An apparent tension and a challenge for the formalism
given by the existence of hairy solutions, where the num
of charges at infinity and at the horizon do not coincide. W
have been able to pinpoint the problem in a precise w
using the isolated horizon formalism. This involves t
analysis of the consistency of the Hamiltonian formulati
and the nature of the first law. We have encountered d
culties in defining a canonical normalization for the vectorl a

and, thus, for the horizon mass in general. We have propo
possible resolutions for this difficulty. Motivated by all the
results and in order to have a satisfactory treatment of
EYM system within the framework, we have put forward
‘‘quasilocal uniqueness’’ and a ‘‘completeness’’ conjectur
for stationary black holes. In the case of the latter we h
put forward arguments both in favor and against it, but
main point is that some version of it seems to be the o
possibility to have the isolated horizon framework worki
in EYM theory to the same extent that it does in, sa
Einstein-Maxwell theory.

The present work can be generalized in several directio
First, our analysis allows us to propose an isolated hori
treatment for general theories containing nontrivial bla
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hole and soliton solutions; it should be possible to apply
type of analysis presented here to these theories where
trivial regular static solutions have been found. In particul
Einstein-Yang-Mills-Higgs, Einstein-Yang-Mills-dilaton
and Einstein-Skyrme theories are examples in which th
are both solitonic and black hole solutions. In all these ca
formulas analogous to the EYM case can in principle
found by a straightforward application of the analysis carr
out in the last section. In particular, one should be able to
compute the ‘‘total energy’’ of the ‘‘hairy’’ black holes to
test for a potential instability.

Second, one can use the very recent results of Ashte
and collaborators who have been able to extend the isol
horizons framework to includedistorted horizons @25# as
well as rotating horizons@35#. Thus, one should be able t
use the formalism for distorted horizons in order to stu
colored black holes which are static but not spherically sy
metric @31#. This analysis would be a first check for th
‘‘quasilocal uniqueness conjectureC1’’ that we have pro-
posed@41#. The discussion of the preceding sections sugge
that by restricting our attention to nondistorted, nonrotat
horizons we were led to a consistent but ‘‘incomplete’’ fo
malism in the EYM system; a complete treatment~i.e., one
providing a canonical choice of ‘‘normalization’’ for allL,
based on stationary solutions which are contained in the
malism! of EYM isolated horizons should be given withi
the context of distorted and rotating isolated horizo
@25,35#. It would be interesting to investigate this matt
once Refs.@25,35# are made public.

Finally, the present analysis shows that the so-called
ored black hole solutions provide a nontrivial testing grou
for the approach of@1# to evaluate the statistical mechanic
entropy of black holes. In particular it is known that by s
lecting the valueg5 ln 2/(pA3) for the Immirzi parameterg
~which amounts to selecting one among a continuous ch
of unitarily inequivalent quantum theories corresponding
the same classical theory!, the standard resultS5A/4l P

2 is
obtained for the Einstein vacuum and Einstein-Maxw
cases. It is worth pointing out that this choice can be ma
only once and that it is conceivable that say that the cho
needed in the case of Einstein-Maxwell black holes mi
have been different than the choice needed for pure gra
black holes. Now, it would be of interest to check wheth
these results are also valid when non-Abelian gauge fie
are present.
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